en 



c^ 



UT-685 

UT-Komaba/94-1 

August, 1994 



^1 Global Aspects Of 

Gauged Wess-Zumino-Witten Models 

>' 

o 

^. 

'^ . Kentaro Hori 

Department Of Physics, University Of Tokyo, Bunkyo-ku, Tokyo 113, Japan 



3^ ! A study of the gauged Wess-Zumino-Witten models is given focusing on the effect of topo- 

logicaUy non-trivial configurations of gauge fields. A correlation function is expressed as an 

integral over a moduli space of holomorphic bundles with quasi-parabolic structure. Two 

^ ' actions of the fundamental group of the gauge group is defined: One on the space of gauge 

0^ . invariant local fields and the other on the moduli spaces. Applying these in the integral 

,i^ , expression, we obtain a certain identity which relates correlation functions for configurations 

of different topologies. It gives an important information on the topological sum for the 

fl_j ' partition and correlation functions. 

> 

^ . 1. Introduction 



The gauged Wess-Zumino-Witten model in two dimensions has two different aspects 
of interest. On the one hand, it is an exactly soluble quantum gauge theory and is in- 
teresting from the point of view of geometry of gauge fields. On the other hand, it is a 
conformally invariant quantum field theory (CFT): There are observations [|l], 0] that a 
wide class of solved CFTs such as unitary minimal models (bosonic |Q or supersymmet- 
ric 0]), parafermionic models 0, etc are realized by gauged WZW models as lagrange 
field theories. Hence, the model provides a powerful method for the model building and 
classification of CFTs, important problems for the study of two dimensional statistical 
systems and string theory. 

In this paper, we focus on the former, the geometric aspects of the theory and propose 
a method to take into account the topologically non-trivial configurations of gauge fields. 
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Then, we see that incorporation of non-trivial topology has simple consequences which 
are of vital importance in the model building of CFTs. 

A gauged WZW model is a WZW sigma model with target G a group manifold, 
coupled to gauge field for a group H . We concentrate on the case in which G is compact, 
connected and simply connected and iJ is a connected, closed subgroup of the adjoint 
group G/Zg where Zq is the center of G. The classical action of the system (the WZW 
action) at level A; G N for a closed Riemann surface S, a map (7 : S ^ G and an 
() = Lie(if )-valued one form A is given by 



kIj:{A,g) = '- J^tridg^'dg) - ^ J^jT{r'd~g)' (1.1) 

+ !^ / tilgdg-'A^' + A'^g-'dg + gA'^'g-'A'' - A'' A' 
27r Je ^ 



where "tr" is a trace in a representation of G(a) and A^^ (resp. A^^) is the (1, 0)-form 
(resp. (0, l)-form) component of A. In the second term, i?^ is a compact three manifold 
having S as its boundary and g : B^ ^ G is an extension oi g. The value e"'^'^^^"^'^-' which 
we call the WZW weight is independent on the choice of B-^ and g and hence may be used 
as the weight for the path integration over A and g. This weight is invariant under the 
gauge transformation A —>■ A^ = h~^Ah + h~^dh, g —>■ h'^gh and the resulting system is 
a quantum gauge theory. 

A natural generalization is to consider the topologically non-trivial configurations of 
A and g. Thus, let {Uq, t/00} be an open covering of S such that Uq contains a disc Dq and 
Uq n f/00 is an annular neighborhood of the boundary circle ODq. General configuration is 
determined by gauge fields {y4o,Aoo} and maps {go, goo} ^ both defined on {Uq.Uoo} and 
satisfying the relation 

^0 = /i«30^oo/iooo + ^ooo^^ooo and g^ = /^^oofi'oo^ooo (1-2) 

on f/o n f/00 where /iqoo is a map to H C G/Zq- In geometric terms, this map /looo, called 
the transition function, determines a principal if-bumdle P over S, {Aq, A^q} determines 
a connection A of P and {go, goo} determines a section g of the associated G-bundle 
PxhG. The homotopy type of the loop 7000 = ^ooolaDo determines the topological type 
of the if -bundle P and hence the fundamental group 7fi{H) of H classifies the topological 
types of configurations. (B) 



""^If G is simple, it is normalized by trg(adXady) = 2g^tj:{XY) for X,Y E 2 ^ Lie(G') where g^ is the 
dual Coxeter number of g. Generalization to the non-simple case is obvious. 

^Any principal i?-bundle over E admits trivialization over Eqo = S — Dq as well as over Dq: Take 
a pants decomposition of Eqo- Since H is connected, we can choose a gauge over any circle. Now it is 
enough to observe that given gauges over two boundary circles of a pants can be extended over the whole 
pants and determines (up to homotopy) a gauge over the third boundary. 



One purpose of the paper is to give a method to calculate the correlation function of 
gauge invariant fields Oi- ■ -Og restricted to configurations of the topological type deter- 
mined by P: 

^s,p(Oi---0,) = ^— /mi^e-'=^-'^(^'^)Oi---0,, (1.3) 

vol yp J 

where Qp is the group of gauge transformations and kIj]^p{A, g) is the WZW action defined 

in §2 for a general principal -ff-bundle P. 

Another and the main purpose is to prove certain exact relationships of correlators for 

configurations of different topologies. Namely, we will see that the group tti{H), which 

acts on the set of principal iif-bundles 7 : P i— ;> P7 by multiplication on the transition 

functions 7ooo '-^ 7ooo7) acts on the space of gauge invariant local fields 7 : O ^— *> 7O in 

such a way that the following holds: 

^s,p(Oi ■ ■ • 0,70) = Zs,P^(Oi • ■ ■ OsO) . (1.4) 

We call this the topological identity. The proof is reduced to the solution of a problem in 
the geometry of moduh spaces of holomorphic i^c-bundles with quasi-parabolic structure. 
In addition to the case with abelian H in which the problem is trivial, it is solved for the 
cases E = sphere with H general and S = torus with H = 5*0(3). 

The significance of ( |1.4| ) can be seen if we take the sum J2p over topologies; the fields 
O and 7O are then indistinguishable. For instance, consider the case with G = SU{2) x 
SU{2) and H = 50(3) diagonally embedded into G/Zq = 50(3) x 50(3). The gauge 
invariant local fields can be classified by the rectangular grid whose squares are labeled 
by {0, |, ■ ■ ■ , |} X {0, |, ■ ■ ■ , -^j. The space of fields in the square (ji, j) is identified with 

r\T i-rtd \/nr€ic!r\rT\ QlrroViTQ r\T r'on"i"T'cil r'riQ'rrro 1 — 

(fc+2)(/c+3) 



the degenerate representation of the Virasoro algebra of central charge 1 — ., „w, „s and 



dimension "*" 4(k+2)(k+3) ^^ ^^ ^^^'^ ^^^ ^^^^ ^'^^ ^^^ corner (| — ji, -^ — j). As we 

shall see in §4, this transformation (ji, j) <-*> (| — ji, ^^ — j) corresponds precisely to the 
transformation O ^^ 7O where 7 is the non-trivial element of 7ri(5'0(3)) = Z2. Hence, 
only after the sum over topologies, the set of distinguishable fields coinsides with that 
of the k-th unitary minimal model [^. The situation is the same for general G and H. 
The space of local gauge invariant fields, acted on by the infinite conformal symmetry, is 
identified [0 with the direct sum of Virasoro modules by coset construction . For each 
element 7 G 7ri(iJ), there is an isomorphism of coset Virasoro modules, known as the 
"field identification" 0, ||, 0, that corresponds to our transformation O 1—* 7O. Hence, 
this identification of Virasoro mudules leads via the sum over topologies to a genuin 
identification of quantum fields. 

The rest of the paper consists of five sections and four appendices. Sections 2 and 3 



are the preparatory parts which follow to some extent the route explioted by Gaw§dzki 
and others [0, Q. The main part is section 4 in which a novel expression of the correlator 
is proposed (see (|4.33| )) and the topological identity (|1.4|) is proved at least for the cases 



mentioned above. An application of ( |1.4| ) is made in section 5. The last section includes 
a remark on alternative choices of the classical action. 

2. Wess-Zumino-Witten Model 

We start with the study of the WZW model in a general background gauge field 
with the group H = G/Zq- The first material is a construction of the WZW action for 
topologically non-trivial configurations. It is designed to satisfy the following property of 
factorization. For a Riemann surface S, we choose a disc Dq in S and an open covering 
{Uq, Uoo} of S as in §1 and put S = ODq. Let P be the principal if-bundle with the 
transition function h^oo '■ Uq fl U^o -^ H. For fields A = {Aq,Aoo} and g = {go,goo} 
satisfying (|1.2D, the WZW weight on the whole surface S is expressed as the product of 



the weight on Dq and the weight on Sqo = S — Dq- 

g-fc/E.p(A,g) ^ (e-'=^s-(^-'S-),ad7oooe"''^^o(^o,so)^^ (^2.1) 

Here, the weight on Dq is not valued in the ordinary number field C but in a complex 
line -^^170 associated to the loop 70 = go\s, and the weight on Eqo is in a line 'C^l7oo 
associated to 700 = fi'ools'- The product is defined through a gauge transformation ad7ooo : 
^wzIto "*■ '^wIt°o associated to the transition function 7000 = ^cools'- 

This factorization property goes over to the quantum theory: A correlation function 
on the surface E is expressed as the pairing of two wave functions at S = Dq n Sqo, one 
coming from Dq and the other from Sqo. Using the infinite dimensional symmetry of the 
gauge field A^, we can explicitly determine the wave function coming from the disc Do 
with field insertion at one point, and thus obtain the correspondence of fields and states. 
If we change the gauge (=reference section) over the boundary dDo, the correspondence 
effectively changes and we have transformations of states and of fields. For a certain gauge 
transformation of non-trivial homotopy, the corresponding transformation of states (or of 
fields) takes a simple form that is known as the spectral flow [§. Consequently, we obtain 
a relation of correlators of the WZW model that may be considered as a prototype of the 
equation (|1.4|) of the gauged WZW model. 



2.1 The Line Bundle C'' And The Adjoint Action Of LH 



wz 



We begin with defining the WZW weight on the disc Dq = {z&C; \z\ < 1} with the 
parametrized boundary ^ 1-^ e*^ G ODq, following the line of argument in ||10|. In order 



to deal with the chiral gauge symmetry, we consider maps to the complexified group Gc- 
For A G Q^{Dq, [)) and g G Map(Do) Gq), by choosing a smooth extension of (7 to a map g 
defined over the Riemann sphere P^ = C U {00}, we can define the WZW action Jpi {A, g) 
by ( |1.1| ) where A = A on Dq and A = on Doo = P^ — -Do- Since it depends on the 
choice of g, we consider the set of all extensions and put a suitable equivalence relation 
on Ma.p{Doo,Gc) x C so that the class 

^-kin,{Aa) = {(^b^,e-'=^Pi(^'^))} , (2.2) 

is independent of the choice. This defines the line bundle £^ over the group LGq of loops 

••A; 



in Gc so that the WZW weight (2^) is an element of the line L \^ over the boundary 
loop 7(^) = ^(e*^). 

The group structure of LGc lifts to a semigroup structure of £^ by 

{{guci)}{{g2,c,)} = {M2,ciC2e-^^--(^-^^))}, (2.3) 

where Tj:{gi,g2) = j:;^ Ij:tT{g2dg2'^gi^dgi). The group (C^)'' of invertible elements for 
fc = 1 is isomorphic to the basic central extension LGq [|111 of the loop group LGc and 
acts on C^ on the left and on the right through the homomorphism {{g, c)} G ('^^)^ ^— ^ 
{{g,c'')} G {C'^ )^. The Polyakov-Wiegmann (PW) identity exhibits the response of the 
WZW weight to the chiral gauge transformation A \-^ A^, g ^-^ g^ hj h & Map(Do; Gq)'- 

(A'^)Oi = h-^A°^h + h-^Bh , {A^Y^ = h*A^^h*-^ + h*dh*-^ (2.4) 

and / = h-^gh*-^ (2.5) 

in which h ^^ h* is the Cartan involution that corresponds to hermitian conjugation in a 
unitary representation of G. It states that 

where F^q is given by 

TDM,h,h*) = -^ / ti (h*dAh*-'h-'dAh) , (2.7) 

ivr J Do ^ ' 

in which hr^dAh = h~^dh + h'^A^^h — y4°^ and similarly for h*dAh*~^. 
If h is G-valued, the above identity can be written as 



e 



-kInoiAg) ^ ^g-fc/co(^'N9N^-l ^ (^2.t 



where 7 G LG is the boundary loop of h. In this sense, we can say that the WZW 
weight on Dq is gauge invariant. In (|2.8| ), we have used the fact that the adjoint action 



7i ^~^ 77i7~^ of 7 G LG on LGq lifts to an action on C^ by choosing any element in 
(/^)^ 1^. In fact, the adjoint action of LH on LGc, which is apparently well-defined, lifts 
to an automorphic action on C'' so that the gauge invariance (|2.8|) holds when h~^gh 
is defined on Do: The action of a loop 7"^ G LH on the element {{g,c)} G C'^ for 
g G Map(Doo5 Gc) with ^(00) = 1 is defined by 

ad7-H(^, c)} = {{h^'gk ce-'=^--(^'^))}, (2.9) 

in which h G Map(Doo — {00}, -ff) is any extension of 7 and Gd^ is given by 

C,,J/i,^) = Kd^(/i-i^/i) ~Kn^{g) - -^f ti {{dg g-'+ g-'dg)hdh-'+ hdh-^hdh-Y^} , 

(2.10) 
where Kd^^c/) = ^ J^^ ti^dg'^dg). In ||lT|, the adjoint action of LH on LGc is defined 



and is shown to be unique. As it should be, it coincides with the action ( p.9|) for A; = 1 
coincides. 



Next, we construct the WZW weight on Sqo = S — Dq where Dq is the unit disc in 
an open subset of S with coordinate z. As in the above argument, we put an equiv- 
alence relation on Map(Do,G'c) x C defining a line bundle C*^ over LGq so that the 
WZW weight e-''^^-^^'^) for A G ^H^oo, f)) and g G Map(Soo,G'c) is given as the class 
{{g\Do,G~''^^^'^'^^)} in the line C*''\-y over the loop 7(0) = g{e^^). This bundle has a semi- 
group structure so that the PW identity holds: 

The line bundles £^ and £^ are dual to each other under the product 

{{{g\Do,co)},{{9\D^,c^)}) = coCooe''P^^'\ (2.12) 

where g G Map(P^,G'c)- The WZW weight for general topology is now defined by ( ^.1| ) 
where ad7ooo is the adjoint action ( |2.9| ) of the loop 9 \-^ 7ooo(e*^)- For the trivial topology, 
we may take 7ooo = 1 and ( p.l|) reproduces the action (|1.1|) . 

Since the product ( ^A% ) satisfies (7^72,7172) = (7i,7i)(72>72) for 7- G C^\y^ and 



7j G £^ 1^- {i = 1,2), the PW identities (|2l6| ) and ( |2.11| ) lead to the global version of the 
PW identity: 

/E,p(A^ /) = hAA 9) - hAA hh*) . (2.13) 

In this expression, /i is a section of the adjoint He-bundle, namely the bundle PxhHq 
associated to P via the adjoint action of H on Hq- The transformation A ^-^ A^, g ^^ g^ 
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(the chiral gauge transformation) is locally defined by ( |2.4| ) and ( |2.5| ). If h is //-valued, 
or precisely if h takes values in the adjoint if-bundle Px^H, we have hh* = 1 and ( p.l3|) 
is the statement of gauge invariance. 

For a section e of the adjoint bundle adP = P Xh h, the action satisfies 

(|)^/.p(^.e") = ^Xt.,(.F,), (2.14) 

where F4 is the curvature of A represented in adP and tr^ is the trace of the adjoint 
bundle normalized by tradp(adXady) = 2g^tTp{XY) when G is simple. The properties 
(|2.13|) and ( p.l4|) are just what we would expect for the chiral anomaly in the massless 



free fermionic systems. Indeed, the WZW model was first introduced as the non-abelian 
bosonization of spin-half fermions |T2I . 



Remark. There is another way to construct the WZW action for configurations of 
general topology. It is to make use of the equivariant version of the Cheeger-Simons 
differential character (see [|l^, |l4l). A discussion on this is given in §6 and in the future 
publication |T5 |. 



2.2 Space Of States 

We proceed next to the quantization of the WZW model. The correlation function of 
the local fields Oi- ■ ■ Og is given by the path-integral 

Zs,p(g,A;Oi---0,)= / V,ge-''-^-^^'^^O^ig)■■■Osig), (2.15) 

Jr{PxHG) 

where g is a metric on E and Vgg is the left-right invariant measure on the configuration 
space T{PxhG) equipped with the metric induced by g. In the following, the sign "g^' 
will not usually be mentioned for simplicity of notation. Suppose that the fields Oi ■ ■ ■ 0„ 
are inserted in Sqo whereas the fields On+i ■ ■ -Os are in Dq. Having in mind the order 
of integration such that the last is the integration over configurations on the circle S = 
Dq n Soo, we see that the correlation function is expressed as the pairing 

^s,p(A; Oi ■ ■ ■ O,) = {Z^^iA^; Oi • ■ ■ 0„), 7ooo.^Do(^o; 0„+i ■ • • O,)) (2.16) 

of wave functions 

Zj:JA^;0,---On) : 7^/ Vge-"'^^"^'^^ 0,ig) ■ ■ -OM . (2-17) 

Zno{Ao;On+i---Os) : 7^/ Vge-'^'^oi^'^'^) Qn+iig) ■ ■ -Osig) , (2.18) 



through the gauge transformation 7ooo- acting on the wave functions by 

(7ooo-$)(7) = 7ooo'^(7ooo77ooo)7ooo • (2-19) 



The wave functions ( p.l8| ) and ( P-lTj) are sections of the hne bundles £'^ \lg and C*''\lg 



over LG respectively, and can be extended to the holomorphic sections over LGq- This 
observation motivate us to consider the spaces ThoiijC.^) and Thoi{'C.*t) of holomorphic 



''*k 

'A; 
ju.\j J^ur(^ auLs uii Liic spauc ± hol{^ 

sentations: 



sections of C and C* . 

wz wz 

The group LGc acts on the space ThoiijC^) by the left (J) and the right (J) repre- 



Jiii)Jii2Mi) = iMii'iir'm , (2.20) 

where {{g,c)}* = {{g*,c*)}. For any smooth map h : Dq —^ Gq, the PW identity ( pl6D 
together with the left-right invariance of the measure leads to 

J(7)J(7)^Do(^; OaOb-- ■) = ZdMo-, h-'Oah'^O,-- ■) (2.21) 

■ ^-1 = Q-lDQ{Ao,h)-\TDt-^{Ao,h,h*) (2.22) 

where h^^O is defined by {h~^0){g) = 0{hgh*). Hence, the infinitesimal generators of the 
representations J, J can be identified with components of the current that are defined as 
the responses to infinitesimal variations of the gauge field. The responses to the variations 
of the metric under infinitesimal conformal transformations can be identified with the 
Fourier components {L^'*'} and {L^'^} of the Sugawara energy-momentum tensor which 
is given in ( [B.7| ) |T2|, [T^. These are two copies of representations of Virasoro algebra with 



central charge CG,k = ^i^- 

We now determine the wave function $o = Zd^{0; O) for a field insertion O at z = 
in the unit disc Dq with a fixed metric and a gauge field Aq = 0. To describe it explicitly, 
we choose maximal tori Tq of G and T = TqJZq of H and also a chambre C in ii (see 
Appendix A for notations and basics on the root system and Weyl groups). These choices 
determine, for a unitary irreducible representation V of G, the weight space decomposition 
and the highest weight A. We shall describe the state $a = $Oa corresponding to the 
matrix element O^Xs) = (^^A,5'(0)"^fA) for the highest weight vector v\ G V. Let gi and 
g2 be holomorphic maps of Dq to Gc such that the value 5'i(0) (resp. (72(0)) at 2; = 
belongs to the Borel subgroup B of Gq (resp. the maximal unipotent subgroup A^ of B) 
that is generated by the Cartan subalgebra tc and the positive root vectors (resp. by only 
the positive root vectors). Since these preserve the gauge field Aq = 0, the property ( ^.21| ) 
leads to 

j(e-^oo(9i)) j(e-^^ote))$^ = e^(^i(0))<l>A , (2.23) 



where e^ is a character of B for the one dimensional representation Cf a. It follows that 
the value of $a at the loop 7172 (7i = gi\s) is given by 

$a(7i72*) = $A(l)e-^((7i(0))e-^'^-o(3is|) ^ (2.24) 

where $a(1) E C'^ |i is a constant that may be put 1 by a renormalization. Though any 
loop in Gc is not of the form 7172 as above, the set B~^{N~^)* of such loops is open and 
dense in LGq fllj; by definition, 5+ (resp. A^"*") is the subgroup of LGc consisting of 
boundary loops of holomorphic maps Dq -^ Gc such that the values at ^ = are in B 
(resp. A^). It is shown in [|10| that $a extends all over LGc if and only if A is integrable 
at level k, namely, 

< (A, a) < k for any positive root a. 

Hereafter, the set of weights integrable at level k is denoted by P]^ . 

The state $a G ThoiijC^) generates an irreducible LGc x LGc module 7i^' C 
'^hoi{i^^ ) which is isomorphic to L^' ® L^' where L^' (resp. L^' ) is the holomorphic 
(resp. anti- holomorphic) irreducible representation of LGc with highest weight (A, k) . 
The subspace 

7^G,fc^ ^G,fc^ ^2.25) 



AgPl'=) 



of Thoi{J^^ ) is in one to one correspondence under $0 ^^ O with the current descendants 
of the primary fields {Oa; A G P+ }. Though it is not known whether Ti'^'^ is dense in 
T/ioK'^,^) with respect to some natural topology, we restrict our attention to this subspace 
in the rest of the paper. 



An advantage of this restriction is that the pairing (|2.19|) can be given a rigorous 
definition. It is known [jll| that L^' is a unitary representation of the subgroup LG = 
{7; 77* = 1} C LGc (the basic central extension of the loop group LG), or equivalently, 
there is a hermitian inner product on the space 7i^' such that 

( J(7i)^(72)$i, $2) = ($1, J(7i)^(72*)*2) (2.26) 

In addition, an anti-linear map Thoi{C^) -^ Tfioi{C^); \I' 1-^ \I' is defined by ^1^(7) = 
t]\I'(7*^^) where \\ : £*^ -^ C^ is the map covering 7 \-^ -y*^^ defined by 

^{i9\Do,c)} = {(/-%^,c*e-'=^P^(^*~^)+2^^-o(s*-^l^o))}. (2.27) 

With similar restriction H^''' C ThoiijC^), the pairing (\E', $) = /^(P7(\E'(7), $(7)) of 
^ G H'^''' and $ G H'^''' is now defined by 

(^,$) = (^,$). (2.28) 



This satisfies the property that imphes the left-right invariance of the measure P7. 

2.3 The Spectral Flow 

Instead of the fiat gauge field Aq = 0, we next consider the following configuration. 
We choose first a real valued smooth function g : [0,1 + e] —>■ [0, 1] such that g{r) = for 
< r < e and g{r) = 1 for 1 — e<r< 1 + e where e is some number in [0, |). We also 
choose an element a of ii and put 

A,,a = g{\z\)^ (^-^]= -g{r)iadd , (2.29) 

2 \ z z J 

where z = re*^. If a is in the lattice P^ = ^^Kerjexp : t -^ T^}, Aga has trivial holonomy 
^2iTia _ ]^ along the boundary circle 5* = ODq and one can choose a horizontal gauge s 
over 5*. It is related to the old standard gauge Sq as Sq\s = 57 by the loop 7(^) = ge~^"'^ 
in which g & H is a constant. 

With respect to this horizontal gauge s, the state Z^I^{Ag^a', O) coming from the disc 
with field insertion at 2; = looks as the gauge transform ( p.l9| ) by 7 of the state 
ZDo{Ag^a',0) associated to the standard gauge so\s- Let h^^a '■ -Do — > Hq be the solu- 
tion of A°J„ = hg^adh~^ such that /i^,a(0) = 1 and hg^a{,z) = c~"|2;|~'* around S with Cg a 
real number. Making use of ( p. 21 ), one can write Zd^IA^^, O) as the transform of $0 by 



a certain element Cg^a G LGq over the constant loop c^"" & Tq and it follows that 

zg,!(A,,,; O) = 7. J(£,,a) J(£,,a)$o . (2.30) 

As we see below, the transformation 'j-J{cg^a)J{cg^a) preserves the space H'^'^ and per- 
mutes the irreducible components {Hj^' }^gp(fe)- This is the so-called spectral fiow. This 
line of argument was first suggested in ref . @] . 

Calculation Of'-f.^^ 

When O is the primary field Oa with A G P+ , the corresponding state <J>a has a 
definite weight and the new state is given by 

Zg {Agy, Oa) = const 7.<I>a , (2.31) 

where the constant is of the form e^'^*''*^"' )bec-'^Mo.) j^ which bg depends only on g. 

We calculate 7.$a when 7 G LH represents an element of the group Fg (see Appendix 
A) in which case ad7 presevers the subgroups B'^ and A^"*" of LGq and the calculation 
becomes particularly simple. Then, the loop 7 can be rewritten as 

7(0) = e-'^%^, (2.32) 
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where n^ = g represents an element w of the Weyl group and /i = wa has value 1 or 
for every positive root. We denote by h^{z) the holomorphic extension z~^nw of 7. Note 
that each connected component of LH contains loops representing a unique element of 
Fg. In §4, we shall make use of such a loop to define a topology changing action of the 
fundamental group 7fi{H) on the set of isomorphism classes of holomorphic i^c-bundles 
with parabolic structure. 

It suffices to look at the behavior of 7.$a over the open dense subset B^{N^)*. Let 
7i G B^ and 72 G N^ be the boundary loops of holomorphic maps of Dq to Gq, Qi 
and g2 respectively with 5'i(0) G B and (72(0) G A^. Since ad7 preserves the subgroups 
B~^ and A^"*", holomorphic functions h'Z^gih^ and h~^g2h^ are defined on Dq and satisfy 
{h~^gih^){0) G B and {h~^g2h^){0) G A^. Hence we have 

7-'^a(7i72) = e~^ [{h-'gih^){0)) ad7('e-'='^o((^''9i''.)(^7'52?..)*)\ _ (2.33) 

If we put 5fi(0) = e*°eT mod N, we find that {h-'^gih^){0) = e""'^^" and hence 

e-^((/^;V/^7)(0))=e-'"^(*«^ (2.34) 

Applying the transformation rule (|2.9|) of ad7, we find that 

g^(]^^ (Q-klDoih:;^gih^)\ _ g-fctr(/xto)g-fe/DQ(gi) (2.35) 

ad7(e-'=-^°o(^7'92^7)) = e-'=^^o(92) . (2.36) 

Combining these results, we obtain the expression 

7.$a(7i72*) = e-"'^(*«)-'=*''('^*«)e-'=^°o(9i92) . (2.37) 

Thus, the result is 7.$a = *^7A, the vector of highest weight 

-fA = wA + k''fi, (2.38) 

in which ^''yU denotes the weight ^'^fi{v) = tr(yUf ). Indeed, if 7 represents an element of Fg, 

(k) 

the transformation A t-^ 7A preserves the set P4. of integrable weights. 

This transformation of P| looks simple with respect to the fundamental affine weights 
Ao,---,A; G V* related to the simple affine roots by 2(Aj, q;j)/||q;j|P = 6ij. Since Fg 
is an automorphism group of the extended Dynkin diagram, or an orthogonal group 
of permutations of simple affine roots; •jcxi = a^i, we find that 7 G Fg permutes the 
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fundamental affine weights modulo RxOxO. Hence, denoting the highest weight {A\, A, k) 
by A, the transformation is written as 

I ^ ^ I ^ 

A = ^ riiAi h-> 7 A = ^ riiA^i mod R x x . (2.39) 

j=0 i=0 

Remark. This gauge transformation 7. : Ti'^'^ — > Ti'^'^ induces the external automor- 
phism of the Virasoro-Kac-Moody algebra. In fact, the spectral flow may be considered 
as the consequence of such an algebra automorphism. 

Non-Ahelian Insertion Theorem 

Let P be the principal if -bundle over S with a connection A which is flat on the 
unite disc Dq C S in a coordinatized subset. We choose a horizontal gauge o"o over Dq. 
Gluing {Dq X H,Ag^a) to (-P|soo) ^Isoo) ^t the boundaries by the identification (e*^, 1) = 
(To(e*^)7(6'), we obtain another if -bundle P7 with a connection A'^ . 

Applying the pairing formula ( p.l6| ) to Zs^(Aoo; Oi ■ ■ -0^) and '^.ZDo{^Q,a, Oa) and 
using the above result 7.$a = '^7A, we see that 

Zj,^P^{A^- Oi ■ ■ ■ OsOa) = const ■ Zs,p(A; d ■ ■ ■ O.O^a) , (2.40) 

where the constant is the same as the one in (|2.31|) . This may be considered as the 
prototype of ( p..4| ). Equation of the same kind is already known in the free fermionic 



(bosonic) system as the insertion theorem [jTS . 



3. Integration Over Gauge Fields 

Let ii be a connected, closed subgroup of G' = G/Zq. We denote by Ap the set of 
connections of a principal if -bundle P over a Riemann surface S and by Qp the set of 
sections of the adjoint if -bundle PxhH which acts on Ap as the gauge transformation 
group. In this section, we turn to the quantization of the gauged WZW model with target 
group G and gauge group if. We develop a method to perform the integration 

Z^A0i---0s) = ^^ f VAZ^''p{A;0,---Os), (3.1) 

voiyp JAp 

of the WZW correlator ( p.l5| ) of the gauge invariant fields Oi ■ ■ • 0^.(0) 



■^The superscript "G, k" is introduced for specification since we shall consider several different groups 
H, Hq, G etc. at the same time. The iJ-bundle P and its connection A under the superscript are 
prescribed to mean the extension to G'-bundle and G'-connection. 
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The method takes advantage of the chiral gauge symmetry 

Zg'^(A^ Oi---Os)= e^'^.^(^''*'^*)zg^(A; hOi--- hOs) , (3.2) 

for a section h of the adjoint iJc"t>undle PxhHq, which is a consequence of the PW 
identity ( p.l3|) . We integrate first over each orbit of the group Qp^, = T{PxhHc) of chiral 



gauge transformations, and then over the orbits. One can see that Ap contains a subman- 
ifold Ass with the complement of codimension > 1 such that the orbit space Ass/Gpq is 
approximately a finite dimensional compact space A/p with a preferable structure. Change 
to the parametrization of Ap in terms of Qf^. and A/p induces the Jacobian factor that can 
be represented by the spin (1, 0) ghost system with values in the adjoint [)c-bundle adi^. 
The integration over Qp^. mod Qp leads to a sigma model with the target space Hq/H . 
Consequently, the correlation function (|3.1| ) is expressed as the integration over A/p of a 
correlation function of the three systems coupled to common representative gauge field 
— the WZW model with the target G, the sigma model with the target Hq/H and the 
ghost system valued in the adjoint bundle. 

3.1 The Space Of Gauge Fields 

We give a description of the structure of ^/^ -orbits in Ap and argue that we can 
neglect some orbits in the integration ( |3.1| ). To start with, we note that a connection 
A of P determines a unique holomorphic structure Oa of the complexified ifc"bundle 
Pq: a local section a oi Pq i^ holomorphic if Bau = when a is represented as a local 
frame of the vector bundle associated to Pq with a holomorphic representation of Hq. 
Conversely, any holomorphic structure of Pq is obtained in this way. Since two connections 
A and A^ related by a chiral gauge transformation h G Qp^ correspond to the isomorphic 
holomorphic structures Ba and H'^BaH, we can identify the orbit set Ap/Qpf. with the set 
of isomorphism classes of holomorphic structures of Pq- Such an identification makes easy 
the explicit description of the orbits for genus zero and makes possible for genus > 1 to use 
the well-known techniques in analytic and algebraic geometry such as the Riemann-Roch 
theorem, the Atiyah-Bott stratification and especially the Narasimhan-Seshadri theorem. 

It should be noticed that the space Ap is given a complex structure Js so that the 
Qpf.-action is holomorphic: On each tangent space 0^(11, adP) which is the set of one 
forms on S valued in the adjoint bundle, Js acts as the Hodge ^-operator; *Xdz = iXdz, 
*Xdz = —iXdz. 

On The Sphere 

We begin with the case in which E is the Riemann sphere P^. It is covered by the 
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2;-plane Uq and w-plane Uoo where z and w are related hj zw = 1. We denote by Dq 
(resp. Doo) the unit disc in the 2;-plane (resp. w-plane). 

For H = f/(l): A holomorphic Hq = C*-bundle admits local sections uo and a^c, over 
open neighborhoods of Dq and Doc respectively. If they are related by the holomorphic 
transition function hooo on a neighborhood oi S = DqH D^o 

(Toiz) = croo{z)hc,oQ{z) , (3.3) 

the winding number a = -^ §s ^ooo'^^ooo ^ Z determines the topological type. Taking the 
Laurent expansion of the function \og{hooo{z)z"'}, we find that 

ho.o{z) = h^{z)z~''ho{z)-^ , (3.4) 

where Hq and h^o are C*-valued holomorphic functions on neighborhoods of Dq and D^o 
respectively. Hence, we can always take the transition function of the form z'"". In other 
words, for a f/(l)-bundle P, 

Ap is itself a single ^/^-orbit. 

For H = SU{n)/7in'- We next consider the group SU{n)/Zn where Z„ is the center 
of SU{n) consisting of identity matrices multiplied by n-th roots of unity. The property 
holds also in this case provided that a is an element of P^, that is, a is of the form 

with ai -\ — G Z {i = 1,- ■ ■ ,n) and ^ a, = , (3.5) 



V a-a / 



^ ^=l 



for some j E J = {0, 1, ■ ■ ■ , n — 1}. This is due to the Birkhoff factorization theorem 
[[l9i |Tl| which also states that such a is unique up to permutations of ai, ■ ■ ■ , a„. Hence, 
holomorphic i^c-bundles over P^ are classified by the countable set P^/VT in which W 
the Weyl group of H acts on diagonal matrices as permutations of diagonal entries. Note 
that the loop e*^ ^^ ^-lae g^tends to a map on Dq with values in H if and only if all a, 
are integers. Thus the topological type of the bundle is determined by the number j G J . 
Stated in another way, for each j G JT, there is an ilf-bundle P^^^ and its complexification 
admits countably many holomorphic structures classified by V'j /W in which Pj is the set 
of matrices in P^ whose diagonal entries differ from — ^ by integers. Since the set C of 
diagonal matrices t with tj > ■ ■ ■ > t" is a fundamental domain of W ^ we see that 

Apu) = U -^'^ ' (3-6) 

aePjnc 
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where Aa is the ^o) -orbit corresponding to the holomorphic iJc-bundle V\a\ with the 
transition function /looo(^) = z~"'- 

Though each Aa is infinite dimensional, one can compare the dimensions of these orbits 
relative to QpU) . That is to consider the the group Aut Via] of holomorphic automorphisms 

c 

of V\a] that corresponds to the isotropy group of GpU) at a point of Aa- An element 
/ of AntV[a] is given by iJc-valued holomorphic functions /o and foo on Uq and Uoo 
respectively such that fo{z) = z"' f^{z)z~"- on Uq fl f/oo- We find that (/o(-2))* is a span of 
1, 2, ■ ■ ■ , 2;"»~"j if Oj > ttj and is zero if a^ < a^-. The dimension of Aut Vya] is thus given by 
n — l + Y.i<j {^ai ,aj + 1 + I ctj — a j I ) and is minimized in P J fl C by a = ^ij where (/ij ) i = 1 — ^ 
for i = 1, ■ ■ ■ , j and (/ij)j = — ^ for z = j + 1, ■ ■ ■ , n. Hence .Apu) contains an orbit A^^ of 
maximal dimension and another orbit Aa has codimension da> Q given by 

Therefore, in the integration ( p.l| ) for P = P'--'^ we have only to take into account the 
single orbit A^.. 

For general H: We follow the preceding argument using the notation of Appendix 
A. For each j E JT", there is an if-bundle P^^' with the transition function e~*^^^ and 
any H-hnnd\e is isomorphic to P*--'^ for some j E J . The set of connections of P^-'-' is 
decomposed as the disjoint union of the form ( |3.6| ) in which PJ = /ij + Q^, C is the closure 
of a chambre C in it and Aa is the ^ (j)-orbit corresponding to a holomorphic bundle with 
the transition function z~". The orbit A^^ is of maximal dimension and the codimension 
of Aa is 

da= Y. («(«)-!) (3-8) 

a(a)>0 

where a in the sum runs over roots of H. Since (ia > 1 for a 7^ /ij, we may replace ^p{j) 
by Ay,, in the integration ( ^.ID for P = P^-'^ 

On A Surface Of Genus > 1 

For a Riemann surface S of genus > 1, the set of orbits Ap/Qp^. is not in general 
countable. This can be seen by looking at the index dim if (1 — g) of the operator Ba '■ 
Q^{J],adPc) —>■ fi°'^(S, adi^) which counts the dimension of the symmetry group of Ba 
minus the codimension of the ^/^ -orbit through A. 

For H = U{1): Let O (resp. O^) be the sheaf of germs of holomorphic functions valued 
in C (resp. C*). The set of isomorphism classes of holomorphic principal C*-bundles is 
identified with the sheaf cohomology group H^{T,,0^), the Picard group Pic(II). The 
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long exact sequence induced by the homomorphism O ^ O^; f ^—>- e'^'^^^ with kernel Z 
gives the following description of Pic(S): 

-^ Jac(S) -^ Pic(S) ^ Z ^ , (3.9) 

where the projection ci counts the first chern class and Jac(S) is the Jacobian variety 
if ^(S, 0)/H^{Ti, Z) which is a complex torus of dimension g. 

For each topological type a G Z, a choice V G Pic(S) with ci{V) = a determines an 
isomorphism of Jac(S) and the set Ci^^({a}) of holomorphic i^c-bundles of 1-st chern 
class a. Thus, for any f/(l)-bundle P, 

Ap/Qpf. = Jac(S) (a complex gf-torus) . (3.10) 

In particular, even if P and P' are topologically distinct, there are isomorphisms oi Ap/Qp^ 
and Ap'/Qp' . In §4, we shall use a certain isomorphism to prove (|1.4| ). 

For general H: If H is non abelian, the situation is a little different. For simplicity of 
the discussion, we assume that H is simple. We make use of the following stratification 
(decomposition into submanifolds) of the space of connections of a principal if -bundle P 
over S which is due to Atiyah and Bott pO|: 



Ap = [jA^. (3.11) 



This generalizes the disjoint union ( p.6| ) for genus zero. Here, /x runs over a discrete subset 
of C and A^j, is a ^/^-invariant submanifold of Ap of codimension 

d,= T. H^^) + g-l). (3.12) 

«(Ai)>0 



The unique solution to rf^ = is yU = for genus > 1. It is known |^ that A E A[ 



^0 

if and only if the adjoint bundle adi^ with the holomorphic structure d^ is semi-stable, 
namely, any holomorphic subbundle has non-positive first chern class. In view of this 
characterization, we hence- forth denote ^o by Ass {ss means "semi-stable"). The space 
Ass contains a ^/j. -invariant, open and dense submanifold A"^ such that the quotient 
A°s/Qii^ is a non-empty complex manifold whose dimension d/^f is dimii(f7 — 1) for genus 
> 2 and is between and rankii for genus one. Hence, we may replace Ap by A°g in the 
integration ( pTTl) . A compactification of A°ss/QFt is given by the quotient J\fp = Assl/Qpc 
of Ass under a certain equivalence relation. The theorem of Narasimhan and Seshadri 
[PI] , |23| , |2^ essentially states that the set Ap of flat connections is included in Ass aiid the 
inclusion map induces the identification of the moduli space Ap/Qp of fiat connections 
and the moduli space Afp = Ass//Gpc of semi-stable i/c-bundles. 
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Example — Flat SO {3) -Connections over the Torus 

We explicitly describe the moduli spaces of flat connections of the trivial and the 
non-trivial H = S'0(3)-bundles on the torus S,- = C/(Z + rZ) of period 1 and r where 
T2 = Imr > 0. We denote by ( the coordinate of this plane C. The homology base 
A, B : [0, 1] -^ S^ deflned by C(^t) = t ^-i^d C{Bt) = tr provides a set of generators of 
the fundamental group ttiS = Z^. A flat connection of an if -bundle P deflnes (up to 
conjugation) a holonomy representation p : ttiS -^ H. It is determined by the commuting 
elements a = p{A) and b = p{B) of H . 

If P is trivial, a and h are represented by commuting elements a and b oi H = SU{2). 
By conjugation, we can bring them to diagonal matrices 

2Tri<t> n \ ~ / p27rJV fl \ 

e U \ , /e u \ ^g^^g^ 



Such holonomy is provided by the gauge field of the following form: 

■^" = (7,""^ -7,""^) Co -1)' PJ4) 

where u = ip — rcj). This u can be considered as a holomorphic parameter. A^' is gauge 
equivalent to Au if and only if u' = ±u — y + r| for some n, m E Z. Hence, the moduli 
space is given by 

Mriv = c/{(iZ + fZ)x{±l}} . (3.15) 

It is an orbifold with four singularities -u = 0, |, j, ^^ of order 2. The manifold A°g/Qpf. 
in this case is A^triv with these singular points deleted. 

If P is non-trivial, a and b are represented by elements a, b oi H = SU{2) that do not 
commute but satisfy 



abh-^b~' = f _ j . (3.16) 

There is only one such pair (a, b) modulo conjugation: 

i \ r /O -1 



-.V ' \i or <"'' 

Hence, on the torus, 

A/'non-triv = {oUC poiut} . (3.18) 

In contrast with the abelian case, A/'triv is not isomorphic to A/'non-triv and even the 
dimensions are different. For a general semi-simple group H, the moduli space of topo- 
logically trivial semi-stable iic-bundles over the torus S,- is 



^ftrw = ic/(P'' + rF'')xW, (3.19) 
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and hence of dimension lankH. But for each j G JT in the terminology of Appendix A, 
we have a non-trivial if -bundle P*^-'-' and we can see that dimA/pO) = dimKer^WjWQ — 1) 
which is strictly less than the rank of H. 

3.2 The Path Integration 

To define the measure for the integration (|3.1| ), we introduce metrics on the spaces 
Ap and Qpf.. We identify the tangent spaces at A G Ap and h G Qp^. as 

T^'^kp ^ fi°'^(S, adPc) , TI'^Gp^ ^ fi°(S, adPc) , (3.20) 

where a G i7°'^(S, adi^) is tangent to the curve Sa^ = dA+ta at t = and e G i7°(S, adi^) 
is tangent to the curve ht = /le**^"*"*^ at t = 0. We define inner products on those spaces 
by (ai,a2) = ^/strp(a*a2) and by (€1,62) = ^ h*tTp{ele2). Then, Ap becomes a Qp 
invariant Kahler manifold and Qp^ becomes a Hermitian manifold invariant under the left 
action of Qp,. and the right action of Qp. 

Local Parametrization of Gauge Fields 

As is noticed above, we may replace Ap in the integration ( p.l| ) by a submanifold A°p 



whose ^i^-quotient Np is a complex manifold of dimension dj^. For H = f/(l), A°p is Ap 
itself and N'p is a complex dj^ = (7-torus. In general, we put 

{g = 0) A°p = Af,^ for P = P(^), 7V^ = one point, dj^ = 0, 

{g = 1) ^?. = a:, , AT^ = A^JGp^ C ATp , < ^A, < rankii, 

(g >2) A°p = a:, , Ar° = A^JGp, c ATp , d^ = dimii(^ - 1). 

For every point uq G A/'p, we can take a neighborhood t/ of Uq in ATp with a holomorphic 
family {Au}ueu of representatives, that is, a holomorphic map U — > ^p; u \-^ Au such 
that the ^/^-orbit through A^^ is u. We denote by Au the inverse image of U by the 
quotient map A°p -^ Np and define a surjective map 

/:f/x^P, ^^c; by/(n,/i) = A^ (3.21) 

This is not injective if the symmetry group Su = Aut Ba^ is non-trivial, in particular if its 
dimension ds = dj^ + dim if (1 — g) is non zero which is the generic situation for (7 = 0, 1. 
Let (m^, ■ ■ ■ , m"'-^) be a complex coordinate system on U . The differentials 

iya{u) = {d/du'')Al^ a = l,---,d^, (3.22) 

provide a base of the tangent space T^'^U = Hg' (S,adfb). We also choose a base 
{a'^{u)}i,^^ of the cotangent space (T^'°[/)* = Hg' (S,adi^) and a base {ei{u)}i^i of the 
space Lie(S'u) = H^ (S, adi^) of infinitesimal symmetries of Ba^. 



At the point f{u, h) = A^, we choose an orthonormal base {an{u, /i)}^i of the tangent 
space 9^hn°(E, adPc) of the ^/^ -orbit through A'^ and an orthonormal base {e„(-u, /i)}^i 
of the orthogonal complement of h~^Lie{Su)h in Q^(T,,adPc). Putting ab^dj^{u,h) = 
h*a!'{u)*h*~^ and ei_d^(-u, h) = h~^ei{u)h, we have a base { an{u, h) jj^i.^^^ of the tangent 
space of Ap at A^ and a base { e„(-u, /i) jj^i.^^g of the tangent space of Qp^. at h. 

Let a; = (x^"'^-^, ■■,a;'',X"'^, ■ ■ ■) and t = {t^~'^^' , ■■,t'^,t^, ■ ■ ■) be the complex coordinate 
systems on neighborhoods of A'^ in Au and of h in Qp^ defined by 

oo 

Aixf' = iAtf'+ J2 x'^aniu^h), (3.23) 

n=l—dj^ 

and h{t) = exp|2;f~'^^e,(M)Uexp|£re„(M,/i)|. (3.24) 

'-1 = 1 ^ '-71=1 '' 

Then, the pull backs of differentials dx^ by the map / are expressed as 

f'dx"-'^^ = J2 M''\u,h)ia\u),P^{u))du\ (3.25) 

b,c=l 
oo dj^j- 

f*dx'^ = J2 {'^n{u,h),dAhern{u,h)^dt'^ + '^(^an{u,h),h~^Uciu)h)du'' , (3.26) 

m=l c=l 

where M'^''{u,h) is the inverse matrix oi Mab{u,h) = (aa-dj^iu, h), ab^dj^u, h)) and ( , ) 
is the natural pairing given by (a, ^) = ^i St. tr(a^'). 

The Measure VA 

The pull back by / of the volume element VA = (\eiMab{u, h) HJ^i-dj^ c?^" of -^p 
(where d^" = idx"^ A rfx") is then given by 

/*^A./.) = HptA/-.r. M n^vdet-(a,u.)n^^" 



c=l n=l 



det M^,(m, /i) 
det/a*(M),i>'c(M)\| '^^ . + _ 



det( a'' {u),a^{u)] c=\ " " detfei(-u),ej(-u) 

oo 

< det S{u, h) n rf"^" e'S'^^^-'^'^*) (3.27) 



n=l 



where S:ij{u,h) = (ej_rfg('U, /i), ej_rfg('U, /i)) and det'{D'D) denotes the regularized deter- 
minant of D^D restricted to its positive eigen-spaces. The factor e ^'^ "' -* is the chiral 
anomaly of the infinite determinant which shall be written down shortly. 
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If the dimension ds 7^ 0, f*VA has 'lower' degree compared to the volume element 
n (fu^Vh = n (Pu" det S{u, h) n.^i-ds '^^" of f^ X Qpc- I^i order to deal with such a case, 
we assume that there is a function Fu '■ Qp^ -^ C'^'^ with the following property: On each 
^u-orbit in Qp^, Fu takes the value zero at one and only one point and that, at each zero 
point h, the differential Fu^h '■ Lie(S'ti) — > C"''^ defined by Fu^hi^) = -^ Fuie^^h) is a linear 
isomorphism. Then, the last factor det S{u,h)Y\- ■ ■ in (|3.27|) can be identified with the 
volume form 

(3.28) 



Vh6^''^\FM)\det{Fl,{e,{u)) 



,(Au,hh*) 



on Su\Gpc- Since the role of F^ is to fix the 'gauge degrees of freedom' Su, we call it the 
residual gauge fixing function. 

Remark. The assumption of the existence of the residual gauge fixing function on 
the whole space Qp^ may fail. However, we can find at least a function Fu defined on 
a neighborhood of a (local) section of the fibre bundle Qf^ — > Su\Gpc and the factor 



6(^^s)^Fu{h)) det(F;,(e,(«)) 
neighbor hooc. 



makes sense by localizing the integration ( |3.28| ) in that 



The infinite determinant and some other factors can neatly be expressed in terms of 
the system of free fermions called the adjoint ghosts — spin (1,0) (resp. (0,0)) anti- 
commuting field b (resp. c) valued in (adi^)* (resp. adPc) and its anti-holomorphic 
partner b (resp. c) — with the classical action 



ltp{A, b, c,b,c) = —- / bdAC + bdAC . 



That is, we have 



det' {bIBa 



det(F;,(6,(^)))|det(a''(^),zy,(^) 



det(ej(u). 



ej[u^ 



ygh 
'Y;,P 



ds 



{An ; n K 



h{c)F:, 



detfa"(M),a^(M) 

'C)\{{b,-Ua{u 



(3.29) 



(3.30) 



1=1 



a=l 



b, iya{u) 



where Z-^ p{A; 



j: p{^,- ' ') is the correlation function of the adjoint ghost system. 

These results ( p.27|) , ( ^.281) and (|3.30| ) together with the chiral gauge symmetry ( W^ 
lead to the expression 

Zj:A0i---0s)= f fi*s°V(Oi---0,), (3.31) 

where the integrand is as follows: On U C Afp with representatives {Au}ugu, 
^EV(Ci---0,) (3.32) 
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d-M ds _ dj^ 

= n rfVZ^°*p( A„ ; S{fM)I[ Fl^{c)Fl^{c) n {h, Va{u))(h, Va{u))hO, ■■■hO.), 

a=l i=l a=l 

in which Z^^p{A; ) is given by 

f me^'^.^(^'^'^*)+'£'^(^'^'^*)zg'^(v4;---)^|^p(v4;---). (3.33) 

JGp(./Gp 

Note that the factor ^^^^ in ( |3.1| ) corresponds to the ^p-quotient of Qp^ here, though we 
need some care if ci^ > since the residual gauge fixing term may be gauge variant. In 
such a case, "integration over Qp with the factor ^^^g " leads to a new expression of the 
residual gauge fixing term that depends only on the ^p-invariant combination hh*. The 
issue is illustrated in Appendix C for S = P^. 

3.3 A Few Remarks On The Induced Systems 

Two new systems of quamtum fields are introduced above. One is the adjoint ghost 
system and the other is the system of field [h] G Gpf./Qp with the classical action I^hg = 
—kI^^p{A, hh*)—Ilfp{A, hh*). The standard calculation of anomaly [|^ shows (for simple 



H) that Ichg = —{k + 2H^)I§ p{A, hh*) where H is the universal covering of H and k is 
the induced level such that ktTQ{XY) = A;tr^(XF) for X, F G fi C q. Since [h] G Gpf./Qp 
is a section of Pxh{Hc/H), we call this system the WZW model with the target Hq/H . 
Both systems are conformally invariant up to the anomalies Cgh = —2 dim H and Cchg = 
^t'^!t dim H (if H is simple) respectively. Below, we shall give a brief description of the 
spaces of states. 

Fermion Fock Space 

Theory of free fermions on a Riemann surface has been studied by many authors. So, 
we only give a minimal account on the particular system of adjoint ghosts, referring for 



detail and generality to the references |25, 26, E4 11, E3, E 



The ghost Fock space JF^^ is the Hilbert space spanned by states at the parametrized 
boundary S* of a unit disc Dq with several ghost insertions. The disc with fiat gauge 
field and no insertion corresponds with respect to a horizontal gauge to the vacuum 
state |0) G J-'g^. Ghost fields at S act on JF^^ in the standard way satisfying the anti- 
commutation relations: 

K,cl} = {6„a,fen^b} = 0, (3.34) 

|C„, OmbJ = On+mfiO]^ 5 (3.35) 

and similarly for 6„a and c^. Here, 6„a and c^ are Fourier components of bz{sa.{z)) and 
s^{c{z)) respectively where {sa} is a horizontal frame of the adjoint bundle over S and 
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{s^} is its dual. Hilbert space structure of J-'^ are stated by bLa = VahC^m where r^ab = 
trp(saSb). A central extension LH^ of LHq acts on JF^^ by the holomorphic (J) and the 
anti-holomorphic (J) representations whose infinitesimal version could be read by looking 
at the expression (|B.3|) of the currents J and J in terms of the ghost fields. The Cartan 



involution 7 h^ 7* of LHc lifts to LH^ so that J{Y) = J{l)^ and J{Y) = J{l)^ ■ The 
gauge transformation 7. by the loop 7 G LH is provided by the diagonal action 7(7)7(7) 
of any element 7 G LHq over 7 with 77* = 1. The energy momentum tensor provides 
Virasoro generators {L-l^} and {L^n} acting on JF^-^ with central charge Cgh (see ( [B.4| )). 

WZW model with the target Hq/H 

Let C'^'^ denote the line bundle LHq^x c,C over LHq on which the group LHq acts 
on the left and on the right. We pull back the line bundle C~^ ® C^ over LGqxLHq 
by the map L{Hc/H) -^ LGcxLHq', [7] ^— > (77*, 77*) where 77* in the first factor is 
considered as a loop in Hq C Gq, the covering group of Hq C Gq/Zg- Then, we obtain a 
line bundle denoted by Cchg over the loop space L{Hc/H). The state space of the system 
is the space T{Cchg) of sections. 

The left action of LHq on L{Hc/H) induces a projective representation J' of LHq 
on T{Cchg)- Unlike in the case of Thoi{'(^^), the group LHq has only one projective 
representation on r{Cchg)- However, the infinitesimal version splits into two copies of 
a representation of the Kac-Moody algebra for H. This is obtained by decomposing 
the complexification of the Lie algebra of LHq into holomorphic and anti-holomorphic 
subspaces. These infinitesimal generators are identified with the currents. The Sugawara 
forms {L!fl^^} and {L'^^} constructed by these act on (a subspace of) T{Cchg) as Virasoro 
generators with central charge Cchg- 

To make things explicit, we consider a simple group H with the universal covering 
H. Then, Cchg is isomorphic to the pull back of the line bundle C^'"^^ over LHq by 
[7] ^~^ 11* ■ The representation JT" of LHq on T{Cchg) is defined by 

:^(7)*([7o])=7<^([7-'7o])r- (3.36) 

For use in the next section, choosing a maximal torus T and a chambre C, we look at the 
state coming from the disc Dq with an insertion of the field of the form 



2 



m 



e^+"'{h{h)) X G Pf , (3.37) 

where p is half the sum of positive roots of H and b{h) is the 'Borel part' of the Iwasawa 
decomposition h = b{h)U{h); b{h) G B, U{h) G H. (The Iwasawa decomposition is 
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associated to the decomposition t)^ = n © it © t) of the Lie algebra where n is spanned 
by positive root vectors. In this paper, we call the factor corresponding to n © it the 
'Borel-part'.) The state at the boundary S = dDo is given by 

where 7 is bounded by a holomorphic function b on Dq with 6(0) E B. A calculation as 
in §2 shows that 7.$-A-2p = *^-7A-2p for 7 G Fg where 7A = w\ + k^^fi. The argument is 
easily generalized to the case in which H is not simple. 

The Total System 

Space of states of the total system — the combined system of the WZW model and 
the two new systems is given by 

^tot ^ ^G,k ^ Y{Cckg) © J^gh . (3.39) 

The left and the right representations of the Kac- Moody algebra Lie (Life) 011 the three 
spaces determine the representations J*°* and J*°' of the loop algebra Lie(Liic) on 7Y*°*. 
In the similar way, the representations {Ljij°*} and {Lj^°*} of the Virasoro algebra is defined 
with central charge Ctot = CG,k + Cchg + Cgh- 

Another ingredient is the BRST operator which is the zero mode of the meromorphic 
and gauge invariant fermionic current Jwzwc + JchgC + \JghC where Jwzw, Jchg and Jgh 
are the ii-currents of the three sectors. It is nilpotent and may be used to specify the 
physical states or fields by determining the cohomology group under suitable equivariant 
condition. In this paper, however, we do not use it but argue in the following way. 

3.4 Gauge Invariant Local Fields 

We specify the set of ^p-invariant fields O in the WZW model and describe the dressed 
fields hO. Recall that the fields and states in IHp'^ are in one to one correspondence under 
O *-^ $0 = ^z)o(0; O). The gauge invariance condition on O is equivalent to the following 
conditions on $0: 

(Jo(t^) + Jo(^)) $0 = for ve\), (3.40) 

Jn{v)^o = Jn{v)^o = ^ for t; G fc and n = 1, 2, ■ • •, (3.41) 

where J„(f ) and J„(f ) are infinitesimal generators of J and J corresponding to the tangent 
vector to the curve t ^^ exp{— /£)(,(e*^"^)} in LGq- 

To distinguish the space Tijnv of states satisfying these conditions, we choose maximal 
tori and chambres (Tg, Cg) for G and (T, C) for H and consider the decomposition of 
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the integrable representations L^^' of LG a la Goddard-Kent-Olive 0. The restriction of 
LG to LH C LG is a central extension LH of Lff where H G G is the covering group of 
H C G JZq- We decompose L^' into irreducible representations of the subgroup LH: 

Ll'' = ^Bi®Lf'\ (3.42) 

A 

in which Bjl is the subspace of Lj^' consisting of highest weight vectors of weight (A, k) 
with respect to LHc where k is the induced level. We denote by H\ the subspace of ?i^' 
corresponding to the subspace Bjl _B^ of L^' ® Lj^' . Each state $ G 7Y^ generates an 
irreducible Jq{H) x Jo(-?/)-module -EaI*^) C Tiy^^' which is isomorphic to the tensor product 
V\ ® V^ of the irreducible ^-module V\ of highest weight A and its dual V^^*. Choosing 
a base {cm} of V\ and the dual base {e™} C V^^ we denote by $™ G Ex{^) the vector 
corresponding to e^ ® e"* G Va ® V^*. Then, the ff-invariant element Y^m^l^i ^ -Sa(^) 
satisfies ( p.40| ) and ( p.41| ). In this way, the space Timv can be identified with the subspace 

Hhw = 07^i (3.43) 

A,A 

of Tip''' spanned by highest weight states of left-right equal weights with respect to 
J{LHc) X J{LHc). 

Let 0$^ denote the field corresponding to the state $^ and we consider it as a matrix 
element of a field 0$ valued in End(VA). Then, the gauge invariant field 0$ corresponding 
to the state ^.^^ X^m "^m is expressed as 

Since Jo(/i) Jo(/i)$^ with /i G -ffc is expanded as E /i*?)$™'/C', the dressed field for 0$ is 
given by 

hO^ = -T^-- K (O^hh*) . (3.45) 

dim Vx ^ 

Remark. One can construct the Sugawara forms {L^''^} from the current algebra 
Lie(LGc) and also from the subalgebra Lie{LHc)- {Ln'^}- The difference L°^° = L^''' - 
j^H,k commutes with Lie(Lffc) and hence acts on B\ 0. Thus we have a Virasoro 
actions {L^'^°} and {Z^"'^"} on T^hw As is shown in P], these generators coincides with 
the generators {i^^°*} and {V'n^} up to BRST-exact terms. 
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4. Actions Of The Fundamental Group 



A prototype ( p.40|) of the topological identity (|1.4| ) is obtained in §2.3, but we recognize 



two kinds of gaps to be filled. One is that the field Oa in (|2.4CI| ) is not gauge invariant 



(for H non-abelian) but corresponds to a highest weight state. The other is that ( p.40| ) 



holds for certain gauge fields of special configurations over a neighborhood of the insertion 
point, while ( |1.4|) is an equation in the quantum gauge theory. In §3, we have developed 
a method to integrate over gauge fields and obtained a formula ( |3.31D that expresses a 



correlation function as an integral over the moduli space of semi-stable ifc"bundles. If 
we are to use this formula to prove (|1.4| ), we must find some relation of the moduli spaces 
Np and Mp^ of semi-stable bundles of different topology. 

In this section we shall fill these gaps by taking into account the variety of choices of 
highest weight conditions — the fiag manifold: We express a correlator as an integral over 
a certain moduli space of holomorphic bundles with a fiag at the insertion point. This 
leads us to define two actions of the fundamental group tti^H); one on the set of gauge 
invariant local fields and the other on the moduli spaces of bundles with fiags. 

4.1 The Flag Partner 

As a step to the new expression of correlators, a dressed gauge invariant local field 
hO is expressed as an integral over the fiag manifold of H. When it is inserted into a 
correlation function of the total system, the integrand is given by contour integrals of 
ghost currents encircling a field O of ghost number | A| (the number of roots of H) which 
is referred to as the flag partner of O. 

Flag Manifold and the Borel-Weil Theorem 

We recall the representation theory of compact groups due to Borel and Weil. 
Let Fl{H) be the ensemble of choices of maximal tori and chambres: 

, , ( , , . T is a maximal torus oi H ] , ^ 

A choice (T, C) G Fl{H) determines an identification Fl[H) = H/T which makes Fl{H) 
a compact manifold called the flag manifold of H. Furthermore, Fl{H) becomes a ho- 
mogeneous complex manifold since the embedding H "—>■ Hq induces the isomorphism 
H/T = He,/ B where B is the Borel subgroup of Hq determined by (T, C). 

A weight A G P gives a character e^ : T ^ U{1) by e^'^™ ^^ Q2m\{v) ^^^^ j^g extension 
e^ : B ^ C* defines a homogeneous holomorphic line bundle 

L_x = HcXbC^FI{H), (4.2) 
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by the equivalence relation {hb,c) ~ {h,e~'^{b)c) where h G He, b E B and c G C. We 
denote by /i-c G L_x the equivalence class represented by {h, c) G Hq x C. The Borel-Weil 
theorem states that the space H^{Fl{H),L^\) of holomorphic sections is an irreducible 
i^C-module V\* of highest weight A* = —wqX, which is non-zero if and only if A takes 
positive values on C (see |^ and also ||3^, |33[]). 



The line bundle L_x is equipped with an if -invariant hermitian metric ( , )_a such 
that an element h oi H determines a unitary frame h ■ 1; {h ■ Ci,h ■ C2)-\ = C1C2. There 
also exists an if- invariant volume form Q on Fl{H) = H/T. These induces the following 
ii-invariant hermitian inner product on the space H^{Fl[H),L^\): 

Let {cm ; m G Pa} be an orthonormal base of Vx consisting of weight vectors where Pa 
is an indexing set. We always take the weight A itself as the index for the highest weight 
vector. Denoting the matrix element (cm^, /iCma) by {hj!^^, we put 

^"^{hB) = h-{h)'^, (4.4) 

for m G Pa- Then, { ip"^ ; m G Pa} forms an orthogonal base of H^{Fl{H), L^x)'- 

(^-S^-^)^,(H) = J f (^-s^™^)_Afi 

V0lFl{H) JFl{H) 



volH Jh 

1 



where dh is the Haar measure of H and the Peter- Weyl theorem is used. 

Integral Expression of Gauge Invariant Fields 

Recall that (see §3.4) to each $ G Ti^ is associated a gauge invariant field 0$ = 
^ -tr^ (0$) or the dressed field hO^ = ,. ^y tr^ (Oi^hh*). In the following argument, 



$ is fixed all through and will not usually be mentioned. 

We now express hO as an integral over the flag manifold Fl{H). We introduce a field 
Q{hh*) with values in differential forms on Fl{H) of top degree. At the point hiB G Fl{H) 
represented by hi G H, it is expressed as 

n{hh*)\u,B = hi(y{\e^+^''{b{h'^^h))'^n\h,B, (4.6) 

where b{hi^h) E B is the 'Borel-part' of the Iwasawa decomposition of hi^h G iic- Let 
L/i-i : Fl{H) -^ Fl{H) be the left translation by h^^. The relation 

LUn\,,,B = \e^'{b{hi'h))\^n\h,B , (4.7) 
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which shall be proved shortly shows 



2 



LlQ{hh*)\h-^f,^B = hiOi e\b{h^'h)) Q\h-l^,,B ■ (4.8) 

The definition of h{h^^h)^^ says that there is a representative U & H of h^^hiB such that 
h-^hiO\ = U0\ |e-^(6(/ir^/i))f and hence Q gives 

KQ,{hh*)\uB = huo\n\uB = T.hcriu-'Uu)';:n\uB. (4.9) 

m,m 

This amounts to the following identity of top differential forms: 

LlQihh*) = Y: hCr{^^, ^n-x^ , (4.10) 

m,m 

where ip"^ is given in (|4.4|). Due to the orthogonality ([4. 51), it follows that 



^ ^ n{hh*) = —^ — tr^ (Ohh*) . (4.11) 



vo\Fl{H) Jfi{h) dimVA 

Proof of the relation l \4-'V - It is enough to prove L^^l^ = \e^'^^{b)\'^Q\B for b E B. Since 
the holomorphic tangent space oi Fl{H) at B is isomorphic to t)c/^) ^^ have only to show 
that e~^P{b) is the determinant of ad_(6) : [)c/fa -^ f)c/&- ^^ view of 2p = J2a>o(^^ the 
proof is now trivial since we can order the base of f)c/b consisting of negative root vectors 
so that ad_(6) is represented by an upper triangular matrix. 

The Flag Partner 

Suppose that hO is inserted at x G S in a correlator Z^^p{A ; ■ ■ ■) of the total system 
( p.33| ) , where we assume that the background gauge field A is chosen to be fiat over a disc 
-Do C S centered by x. Then, ( [4.1 1|) leads to an integral expression of hO{x) over the fiag 
manifold Fl{Px) = Px/T = Pqx/B of the fibre Px of P over x: The integrand Qx{hh*) is 
expressed at the fiag / G Fl^P^) by 

n,ihh*)\f = Ol(/) \e'+'^ibfih))\'n\j . (4.12) 

Here, 0\{f) = 0^\{f) is the field corresponding to $ G H\ and bf{h) is the 'Borel-part' 
of the Iwasawa decomposition of h{x), both with respect to the horizontal section s of 
P\do with s{x)B = f. i7 is the invariant volume form on Fl{Px). 

This measure can be rewriten using ghost fields. Let Up be an open subset of Fl{Px) 
with complex coordinates /^, ■ ■ ■ , /''^+' and a family {cr/}/g{/F ^^ holomorphic sections 
of {Pc^dA)\Do such that Of{x)B = f. Then, the symbol {daf/df°')aj^ determines a 
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holomorphic section //„(/) of (adi^, (94)|do- Using the singular behavior (|B.2| ) of the 
product of ghosts, we obtain the following expression: 

^Ahh*)\f= l[dYSbup{f)Sbu^if)0{f), (4.13) 

r, 1 JX JX 



13=1 

|2 



where 0(f) = 0\{f) e^+^f{bf{h))\ J] c"°(x)c-"(x) . (4.14) 



-a<0 



He. a„d .enoefo., we denote t.e .o..a..e. eo.o. ...e..al ^J ,v f . .e e. 
pression ( |4.14| ), c "(x) is the coefficient of the ghost; c(x) = Z) ■5a(a;)c'^(x) where {sa_{x)} 



is the frame associated to any s{x) G P^ representing / and to the base of t)c including 
root vectors {ea}a(^A normalized by ti^eaefs) = Sa+fSfl- We call this field 0{f) the flag 
partner of O associated to / G Fl{Px). 

Remark. Construction/determination of BRST complex/cohomology is a standard 
method of determining the space of physical states of a theory with gauge symmetry. In 



the literature (see ||3^ and references therein), there are several constructions which seem 
to come from the gauged WZW model. The cohomology groups include as a non-trivial 
element, the state of the form 

\\f^^®\-X-2p)^/^® n criO)*^*", (4.15) 

-Q<0 

where |A)*^''^ is a state in B\ C L^' for some A, | — A — 2p)^/^ is a highset weight state 
with weight (— A — 2p, — Af ) in a suitably chosen Lie (Life )-Kiodule and |0)§'^ is the natural 
vacuum of the ghost Fock space. This state seems to correspond to (the left moving part) 
of our fiag partner O. 

4.2 A New Integral Expression 

We consider the correlation function Zj^p{Oi ■ ■ ■ Og 0{x)) of gauge invariant fields. As 
is seen in §3.2, it is expressed as an integral of f2^p(- ■ ■ 0{x)) on an open dense subset 
Afp of the moduli space of semi-stable ifc-bundles. Let U C Afp be provided with a 
holomorphic family {Au}ueu of representative gauge fields. The result of §4.1 shows that 
the following measure on U x Fl^P^) reproduces Vt^^^p{- ■ ■ 0{x))\u after the integration 
along each Fl{Px): 

dM |A+| 

^Ev,x(---o)f/ = n^vnrf'r^E°p(^«; i^gWc,/^)pM---) (4.16) 



a=l a=l 



d-M , 






|A+ 


nc-. 


K{u))(b, 


Kiu)) 


n 


a=l 






a=l 



hya{f)<phUf)0{f) 
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where O is the flag partner of O, h{- ■ ■) is the dressed insertion hOi ■ ■ ■ hOs and |rgf^^(c, h)\^ 
denote the residual gauge fixing term: 

Irgf^Jc, h)\^ = 5(^'^^-)(F„(/.))n F;,(c)F;,(c) . (4.17) 

We ask whether this form on f/ x Fl{P,j) extends to a globally defined form on some well- 
defined flag manifold bundle over Mp. Below, we shall see that the answer is generally 
no but ^2Px(' ■ '^)u determines a new form fi^p^(- ■ -O) which is globally defined on a 
geometric object Mp^ associated to P and x. 

Transformation Properties ofCl^^^p^ 

Let {A-^u}ueu and {Aj^jugf/ be families of representatives that are related by 

A,u = Aj-" , (4.18) 

by a family {/ijiujuec/ of chiral gauge transformations. The groups S^u = Aut(54.^ of 
symmetries are then related by S'^u = h'^^^S^uh^m- Hence, if {Fm} is a family of residual 
gauge-fixing functions for {S^^u}, F^u{h) = F-^uih~^^h) determines a family {F^u} of residual 
gauge- fixing functions for the symmetries {S^u}- Since the chiral anomally is absent in 
the total system, it follows that 

Z|?*p(a,„ ; |rgf^^ Jc, h)\'' h{- ■ ■) Uib, h) 0(/) ) (4.19) 

= z'^^p(a,^ ; irgf^^jc, /.)p h{. . .) n(/^,;i6; KJ) KMf)). 

where n(^; ^) is any functional of h-h and h^^h is the coadjoint action of h^^ G Qp^ on 
the field with values in (adi^)*. Making use of the Iwasawa decomposition of h^^u{x) G 
P^XhHq with respect to the fiag / G Fl{P,j.), we can see that 

K,ud{f) = d{h,,j) , (4.20) 

where the action of Qp^ on Fl{Px) = Pcxl B is induced by the action on Pqx- 
Now, it is enough to note the relation 

5Af, = K^'jAf^h,,^ + Ba^IK^'JK:) , (4.21) 

to see that the form ^s,p,x(' ' ■^) o'^ {l}y.Uy.Fl{Px) with the backgrounds {A^u}u£U 
coincides with the one on {2}xUxFl{Px) with the backgrounds {A^u}ui^u^ under the 
following identification of the two spaces: 

(l,M,/)^^(2,M,/^,„/). (4.22) 
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The Space Afp^ 

Let {Ui} be an open covering oi Afp such that each f/j is provided with a holomor- 
phic family {A^„}„g[/^ of representatives. If f/j and Uj intersect, we can choose a family 
{hiju}ueUinUj of chiral gauge transformations such that A^u = A^u'' . 

If the symmetry group S.u = AntdA,, is trivial everywhere, the families {h..u}i,j nec- 
essarily satisfy the triangle identities: 

Kuh^.u = Ku , for M e f/i n Uj n Uk ■ (4.23) 

Then, the identification rules as ( [4.22| ) glue the spaces {i}xUixFl{Px) and forms f^sPxl' ' ' ^)ui 
together and define an F/(P^.)-bundle Ap^. over Mp and a measure f^sPa:(' ■ -O) of it. 

In general, the triangle identity (|4.23| ) does not hold but modulo actions of the sym- 
metry groups. In such a situation, it is a natural idea to consider the quotient of Fl{Px) 
by the symmetry group Su- Then, we expect that the integration of fi^^p^ along the Su- 
orbits determine a globally defined form on some fibre bundle over A/'p having the quotient 
Su\Fl{Px) as the fibre over u. However, S^ is generically non-compact and the quotient 
space Su\Fl(Px) is not even Hausdorff. At this stage, we assume that we can find an open 
dense subset Fls^{Px) of Fl{Px) consisting of S'^-orbits of maximum dimension such that 
the family \Jueu{'u}xS\Fls^{Px) of quotients is given a good geometric structure (such 
as manifold or orbifold). Under this assumption, the spaces {i}xVJ^^jj_{u}xS^\Fls.^{Px) 
are glued together by the identification rules as ( [4.22| ) and result in a space denoted by 

K,x- 

Note that the space Mp^ can be considered as a subset of the quotient of Ap^x = 
Ap X Fl{Px) by Qp^ (where Qp^ acts on Ap^x by h : (A,/) t^ {A'^.h-^f)). In §4.3, we 
shall identify elements of Ap^x/Gpt with certain holomorphic objects over the Riemann 
surface and make sure in simple cases that the assumptions involved in this argument 
hold true. 

Local Coordinatization of Mp^ 

Recall that dj^/ and ds denote the dimensions of the moduli space Ap and the symmetry 
group 5*^ for u G Afp respectively. We denote by ds the dimension of the group Suj of 
symmetries of Au that fix the flag /. Then, the dimension dj^ of the space Ap^. is given 
by d^f = dj^+ |A+| - ds + ds- 

We assume without proof that the following holds: For a generic point Vq G A/'p^., 
we can find a coordinatized neighborhood V of Vq in ffp^ so that there is a family 
{(A^,/„)}^gv C Ap^x of representatives depending holomorphically on the coordinates 
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f ^, ■ ■ ■ ,f'^-^. We choose families {ao(f)}, {<^oo{v)} of holomorphic trivializations on Uq, 
Uoo such that (Jq{v)B = f^ where Uq is a neighborhood of x and Uoo is a neighborhood 
of S — Uq- We assume that the transition function hooo{v) of cro(t') and croo('y) depends 
holomorphically on v. 

We choose the coordinate system v^,- ■ ■ , v'^^ in such a way that A^, and o"oo(f ) depend 
only on the first (i_^-tuples t; = (t;^, ■ ■ ■ , v'^-^). The symmetry group and the residual gauge 
fixing function for A^ are then denoted as S^ and F^ respectively. We also choose a family 
{hv,t}v,t C Qf^ parametrized by t> G V and t = (t\ ■ ■ ■ , t'^s-ds^ gm.]-^ ^j-^^^ the family {/ii,,t}t 
for a fixed t> is in Sy_ and is transversal to S'i,j„ -orbits. Then, the holomorphic sections 

d_ 

Ql)dM+c 



T^dM+aiv) = cro{v) ■ h^o{v) ^ Q^.^.,^^ /^ooo(^) a = 1, ■ ■ ■ , d^f - d^ , (4.24) 



J^i{v,t) = (—-K^^h'l i = l,---,ds-ds, (4.25) 

of adPcluo provide a base of the tangent space of Fl{Px) at h^^tfV 

Let So and s^o be fixed sections of P\uo ^"^^ P\u^ and we put Sq = (7o{v)hQ{v) and 
Soo = <7oo{v)hoo{v). Since the connection A^ is represented by Ba^si = s/ ■ hi{v)~^dhi(v) 
on [// (/ = 0, oo), the variation of A^ is expressed as 5A^^ = (94„(s/ ■ hi{y)^^5hi(y)). For 
a holomorphic differential h valued in adJ^, we thus have 



- / 6M°i = 7^ / bU ■ ho{v)-'6ho{v) - Soo ■ hUv)-'Sh^{v)) (4.26) 

= ^r- <fbao{v) ■ hoooiv)'^5hooo{v) , (4.27) 

Zm Jx 



where the contour encircles the point x. 

The measure ^s Vx(' ' ' 0)u is then expressed as 

du ds-ds 

^s%(- ■■0)u=Y[ d%- n d^^' Z'^^p{A,-\Tgi^ic, h)\^ h{- ■ ■) (4.28) 

A=l j=l 

dAf r r ds-ds 

X 



Y[cfbuj,{v)cfbu^{v)llSbH{v,t)(fbui{v,t)d{KJ, 

A=l Jx -I Jx Jx 



where ^A('y) are the holomorphic sections of a.dPc\uonu^ 

d 

i^a{v) = (^o{v) ■ h^o{vy^—hooo{v) A=l,---,dj^. (4.29) 

Due to the absence of chiral anomaly, we can rewrite the above measure by 

d-M ds-ds 

n d'v^ll dY Z|?*p( A, ;|rgf^j/i,,tc, KM^ h{- ■ ■) (4.30) 

A=l 4=1 

dM r I- ds-ds 

X 



Y[SbuAiv)SbuA{v)l[SK^M{v,t)(fhlfbH{v,t)d{f, 

. _-iJx JX -I Jx JX 
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The New Expression 

Now we integrate over each S't,-orbit in Fls^ {Px}- We exchange the order of integration; 
we perform J dH^^s before J Vh. Then, the delta function 5'^'^'^^\FjJiv^th)) in the residual 
gauge flexing term serves another delta function of lower dimension 2ds multiplied by a 
certain determinant factor. On the other hand, deforming the contours of the integrals 
/ hy^tbH so that they encircle the 2ds cc-insertions in the residual gauge fixing term, we 
get another 2ds cc-insertions multiplied by the determinant which is reciprocal to the one 
from the delta function. Thus, the integration over t*'s serves the following residual gauge 
fixing term for {A^, fy): 

IrgfA./Jc, h)\' = 6^''^^ {F^m n n.(c)F;,(c) (4.31) 

1=1 

where F„ : Qp^ -^ C^^ is a gauge fixing function for Syj^ C Qp^.. 
Finally, we have reached to the following measure on V: 

^E%(Oi---0,0) (4.32) 

<ij\r '^^ r r- \ 

= n d^'Z'^^^p{A,]\Tgi^^Jc,h)\'hO^■■■hOs n fbu,{v)fbu,{v)d{U)). 

A=l A=l-^^ -^^ 

We can check that this expression is independent on the choice of the representatives 
{{A^, fv)}v€V- This shows that the form fi^ Pz(' ' ' ^) extends to a well-defined measure 
on the space A/'p^.. We have thus obtained the new integral expression for the correlation 
function: 

Zj^AOi ■■■Os 0{x)) = J: f fi*s%(Oi ■■■0,0). (4.33) 

VOl-T UH JKf° ' ' 



P,x 



4.3 The Moduli Space Of Holomorphic Principal Bundles 
With Flag Structure — Examples 

In the preceding subsection, we have introduced the space Mp^ which can be consid- 
ered as a subset of the quotient of Ap^x by Qp^. This quotient Ap^x/Gpc can naturally be 
identified with the set of isomorphism classes of certain holomorphic objects — holomor- 
phic iJc-bundles with quasi-parabolic structure at x. Using this fact, we give an explicit 
description of the space Mp^ for some simple cases. 

Holomorphic He-Bundles With Quasi- Parabolic Structure 

We fix a maximal torus T and a chambre C oi H and denote by B the corresponding 
Borel subgroup of Hq. For a holomorphic iJc-bundle V over S, a choice of fiag / G Vx/B 
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at x G S is called a quasi-parabolic structure of V at x.j^ In this paper, we shall simply 
call it a flag structure instead. Two holomorphic ii/c-bundles with flag structure at x, 
{Vi, /i) and {V2, f2)i are said to be isomorphic when there is an isomorphism Vi -^ V2 
which sends /i to J2- Notice that the set of isomorphism classes of flag structures at x 
of a holomorphic i^c-bundle V is given by KutV\Px/ B. As in the case without flags, 
for a principal if -bundle P, the set Ap^x/Qpc can naturally be identified with the set of 
isomorphism classes of holomorphic ifc"bundles of topological type Pq with flag structure 
at X. 

For a holomorphic ifc-bundle V with flag structure / at x, we denote by Aut('P, /) the 
group of automorphisms of V that preserve the flag /. Then, (P, /) represents an element 
oiMpx if and only if V represents an element of Np and dim Aut(P, /) < dim Aut(P, /') 
for other choices /' of flags. 

On the Sphere 

We classify the holomorphic principal bundles over the Riemann sphere P^ with flag 
structure at one point. We follow the notation of section 3.1. 

We start with the case H = SU{n)/Zn. The Borel subgroup B we choose is represented 
by the set of upper triangular matrices. Let {V, f) be a holomorphic ifc-bundle with a 
flag at 2; = 0. We choose a section o"o on the z-plane Uq with ao{0)B = f and a section 
(Too on the z~^-plane Uoo, and let /iqoo '■ f^ ^ f^oo -^ Hq be the holomorphic transition 
function. The Birkhoff theorem states [0 that there is a unique element a G P^ such that 
hooo{.z) = hoo{z)z~"-hQ{z)^^ for some holomorphic maps hj : Uj ^ Hq (/ = 0, 00) with 
/io(0) £ B. Thus, the set of isomorphism classes of holomorphic ifc-bundles with flag 
structure at 2; = is represented by [Va] a G P^} where Va = ("^h, fa) is an ifc-bundle 
P[a] described by the transition relation ctq = o^z""" with the flag fa = o-q{0)B. 

The automorphism group AufP^ of (V[a], fa) is a subgroup of AutV[a]. Recall that an 
element h of AutV[a] is represented with respect to ctq by an SL{n, C)-valued function 
whose i-j-th entry [hoJAz) is a span of 1, 2;, ■ ■ ■ , z""''""^ if Oj > aj and zero if Oj < aj. It 
belongs to AutP^ if (/io)j(0) = for z > j. Thus, we see 

dimAutP, = dimAutP[„] - ^ 1 = n - 1 + ^ ( la^ - a,| + ^,^,,^) , (4.34) 

i>j i<j 

ai^aj 

where O^^y = if x < y and 9x,y = 1 ii x >y. An element a G P^ minimizes this value in 
its permutation class if and only if the entries satisfy ai < 02 < ■ ■ ■ < a„. 

Remember that for each j E J = {0, ■ ■ ■ , n — 1} there is a smooth S'?7(ri)/Zn-bundle 
P^^^ such that N'p(j) = {V[^^]}. By the above argument, the set of distinct flag structures 
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on V[^.] is identified with the Weyl orbit Wjj,j. Let n^ „,(, denote the matrix 

where Ij is the j x j identity matrix. Since a = s.dn~^^^fij satisfies Oi < ■ ■ ■ < a„, it is 
the unique element in Wfij that minimizes the dimension of the symmetry group. Thus, 
M'p(j) ^ consists of one point represented by Vj = 'P(wjwo)"Vr 

For a general compact group H, the story is essentially the same. Each a G P^ 
indexes an isomorphism class represented by Va = (V[a] , fa) , an -f/c-bundle V[a] described 
by the transition rule cTq = aj^z^'^ with the fiag fa = (Tq (0)5. The group AutVa of 
automorphisms has 

dim AutP, = l + J2{Ha)\ + e^^a),o ) , (4.36) 

which is minimized by a = {wjWo)^^fj,j (j G j'). Thus, ATp^) consists of one point 
represented by Vj, an iJc-bundle described by the transition rule 

0-0(2:) = (Too{z)z~'''n^j^^ , (4.37) 

with the fiag (To(O)-B, where n^-^g is an element of Nt that represents WjWq G W. 

On Torus with H = 5*0(3) 

Next, we describe N'px for the trivial or the non-trivial principal S'0(3)-bundle over 
the torus S,- = C/Z + rZ. This time, we realize S,- as C*/g where q is the subgroup 
of C* generated by g = e^'^*'^. We take z(x) = 1 mod q . 

Below, we list up some holomorphic Hq = PSL{2, C)-bundles over S,- that are relevant 
to our story. Every bundle V is obtained by putting the relation 

(x{qz) =a{z)h{q;z) (4.38) 

on the section a{z) of the trivial bundle C*xHc. In the following list, bundles and 
transition functions are exhibited as V : h{q; z) (where we put t„ = e~^'^*"). 

[Some Holomorphic Principal 55*^(2, C)-Bundles] 



trivial 


non-trivial 


'" ■ Vo t-ij 


-p(i) . ( q--4Z-^ 
\ -qiZ2 


M~±M + f + fr 
p(0) . (I l\ 


" • ^ -tt^z-^ 


U = U + f + ^T 
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Remark that P^o) = P^?^ ^ u = ±u' mod ^Z + f Z and also that Vi^^ = V^]'^ ^ u = u' 
mod |Z + |Z. {'P^°''}, "Poo ^^d P];. are all the semi-stable ifc-bundles over S^. This is 
implicitly seen in ||3^ but here we content ourselves by stating that V^^ and Vp come 
from the flat 5*0(3) connections whose holonomies are ( ^.13[ ) and ( |3.17| ) respectively 
(under z = e"^'^*''). For use in §4.4, some unstable (i.e. non semi-stable) bundles P^^-* are 
also included in the list above. 

To determine isomorphism classes of flag structures at z = 1 of these bundles, we list 
below the groups of holomorphic automorphisms. An automorphism P — »• "P is described 

by 

h:a{z)^a{z)h{z), (4.39) 

where h : C* ^ PSL(2, C) satisfies h{q; z)h{zq) = h{z)h{q; z). Typical elements h{z) are 
exhibited in the list below: 

[Automorphism Groups] 











ifw7^0,i,5. 


1+r 
4 








PSL{2, C) 


/iGP5L(2,C) 




if M ~ 






AutPf) 


^ < 


c*xZ2 (': 


\ / 
c-V' Uc-i 


S) 


if M~ 1 




(4.40) 






c*xZ2 (': 
vo 


\ / 
C-V' 1^-c-i^ 


-4 j 


if«~i,i±^ 






AutPfi) 


= ( 


/I x\ 

-^ [o i) 










(4.41) 


Autpj!^ 


= 5 




0\ /z \ 
V' U -zj' 


/O z\ 
V oj' 


U OJJ' 




(4.42) 


Autp(i) 


^ I 


( c \ 








(4.43) 



In the above expression, -dr^u is given by "i^T^u^z) = ■&{t, ( + 2u + ^) where ■&{t, () is the 
Riemann's theta function J2nezQ^^ ^~"5 Q = e^'^*'^, 2; = e"^'^*''. Note that ^r,u{^) = if 
and only if m = mod |Z + |Z. 

The flag manifold over z = 1 is identified with the Riemann sphere C U 00 by 

|/GCU{oo}^a(l)(^^ ^^BeV.=i/B ; y = cla. (4.44) 

Looking at the action of AutP on Vz=i/ B, we see that the flag structures over our 
holomorphic bundles are classified as follows: 
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[Some Holomorphic PSL{2, C)-Bundles With Flag Structure] 



trivial 




non-trivial 




(PW,0) c* 


.U7^0,i,5,^ 


y y ^ y'^ y' 


(^°\1) Z2 ] 

(p(°),o) c* j 


1 T T+l 
7/ r^ — — — ■ — 

" 4' 4' 4 




(^r,i) i? 




(P«,l) C' 




(^i?,oo) 1 1 


^ 


ivl>'\0) B 


> 


(^J?,0) CJ 




{vl,'\oo) B , 





Note that [V^^.y) = (V^pKy') if and only if y' = y, -y, y'^ or -y-\ The group Aut(P, /) 
is presented in the list on the right of (V, /). 

Recall that the moduli space M°^[^ for the trivial topology is represented by the family 
{'Pu^}uM ^ ^ i±^ whereas for the non-trivial topology Mp^ is the one point set repre- 
sented by Vp . Counting the dimension of the automorphism groups, we see that N'"^^^ ^ 
and A/'non-triv,x are represented by the families {{V^\1)}^^q1t^^ and {i'PF\y)}ysC 
respectively. Namely, 



•^ * triv,a; 



c 



;iz + iz)xz,}-{[o],[i],[i],[i±i]}. 



j\f° 



non— triv.a; 



;z2xZ2)\p^ 



(4.45) 
(4.46) 



i,i,i±iand(pff,oo),then 



If A/"t.°jy ^ is compactified by attaching the points {'P^\ 1); u 
we see that the compactified moduli space A/^^~ coinsides topologically with J\f^on-triv x — 
S'^. Moreover, it seems that the families of automorphism groups coincide with each other: 
Generically there is no non-trivial symmetry, but there are three points with Aut = Z2. 
In §4.4, we shall construct a bijection between ^triv,x/^triv and ^non-triv.^/^non-triv which 
induces an isomorphism 17^^ = A/'^o^.triva;- f^ ia.ct, this is an essential step in the 
derivation of (|1.4| ). 



4.4 Action Of tti^H) On The Moduli Spaces 

Let (S,x) be a closed Riemann surface with a point in it. We choose a neighborhood 
Uq of X with a coordinate z such that z{x) = and that z{Uo) is an open disc. A 
holomorphic principal C*-bundle admits trivializations over Uq and f/00 = S — x that are 
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related by a holomorphic transition function hooo : Uq fl Uoo -^ C*. For each a G Z, the 
transformation 

h^o{z) ^ h^o{z)z~'' (4.47) 

of transition functions induces the translation of the group Pic(S) by an element of first 
chern class a (see §3.1). This defines an action of 7ri(t/(l)) = Z on Pic(S) that covers the 
natural action on the set -ff^(S, Z) = Z of topological types of t/(l)-bundles. This action 
depends on x but not on the choice of coordinate z. 

We ask whether such an action exists for a general compact connected group H: Does 
the natural action of tti (H) on the set of topological types of principal if -bundles lift to an 
action on the set Pic (S) of isomorphism classes of holomorphic principal iic-bundles? 
As an answer, we shall find that, instead of on Pic'*(S), i^i{H) acts on the set Pic'*(S, x) 
of isomorphism classes of holomorphic principal ifc-bundles with flag structure at x. We 
conjecture that the action permutes the moduli spaces Mp^. It is verified on the sphere 
for a general group and on torus for H = 5*0(3). 

AcUon Ofni{H) OnPic^(S,x) 

We first describe Pic (S,x) in terms of the loop group LHc- For a holomorphic 
principal ifc-bundle V with a flag / G V^/B, we say that a section of V\uo is admissible 
with respect to / when it represents / over x. Let h : (V, f) -^ (V', /') be an isomor- 
phism. Under a choice of trivializations {o"o, cToo} and {cTq, a'^} over {Uq, Uoo} of V and V 
respectively such that o"o and ctq are admissible with repect to / and /', h is represented 
by i^c-valued holomorphic functions {/iq^^oo} on {Uo,Uoo} with Hq^x) E B : aj \-^ a'jhj 
(/ = 0, oo). Then, the transition functions /iqoo and /i[^q are subject to the relation 

^'oooW = ^oo(^)/iooo(2)/io(^)"^ ZEUq^Uoo- (4.48) 

For an open Riemann surface U , we denote by L^Hq the group of holomorphic maps 
U — >• Hq. Pulling back by inclusions Uooo = f/o fl Uoo '-^ Uq, Uoo, the groups L^'^Hq and 
LF°°Hq may be considered as subgroups of LP°°°Hc.[a) We denote by B^° the subgroup 
of LF^Hc consisting of maps with values at x in B. By the above argument, the set 
Pic (S,a;) of isomorphism classes is identified with the set of double cosets: 

Pic^(S, x) = L^^HcXL^^^'Hc/B^^ . (4.49) 

The fundamental group 7fi{H) is isomorphic to the subgroup Fg of the afiine Weyl 
group H^'ff consisting of elements that preserve the alove C (see Appendix A). For each 



^With a choice S^ ^^ UooO of parametrized circle, the group L^°°"Hq is identified with a dense open 
subgroup of the loop group LHq. This is the origin of the notation. 
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7 G Fg, there is a holomorphic extension /z.^ : C* ^ -f/c- For example, h-^^^z) = z'^^m^j.^Q. 
Using the coordinate z : U^oo -^ C*, we identify h^ as an element of L^°°°Hc. Since the 
adjoint action of h^ on L^°°°Hc preserves the subgroup i?^° C L^°°°Hc we find in view 
of ( |4.49| ) that the transformation 

hooo{z) ^^ hooo{z)h^{z) (4.50) 

of transition functions induces the transformation 

7^ : Pic-^(E,x) — ^Pic-^(S,a;). (4.51) 

This transformation changes the homotopy type of the transition function by 7 G tti (H) 
and hence permutes the subsets {Ap^x/QFt}p'- 

Ix ■ Ap^x/Qpc — ^ Ap^^x/Qp^c ■ (4-52) 

Thus 7 ^— *> 72; is the desired action of tci{H) on Pic^(S,x). 

The Conjecture 

One important thing to notice is that this action preserves the automorphism groups. 
Namely, if the class of {V, /) is mapped by •jx to a class represented by {V^ , p), we have 

Aut(P,/)=Aut(P^r). (4.53) 



This can be seen by multiplying h-y{z) on the right to both sides of ([4.48|) in which we 

put h'^Q = /looO- 

Recall that an element of the moduli space Ap^ C Pic^(E, x) is represented by {V, f) 
that satisfies the following conditions: V represents an element oiMp and dim Aut(P, /) < 
dim Aut(P, /) for every flag / at x. 

Having these in mind, we conjecture that the following holds: There is a method 
to compactify the moduli space Mp^ in such a way that for each 7 G Fg, 7^ maps the 
compactified moduli space Np^ isomorphically onto another space A/^^. 

If, furthermore, we can compactify Np so that the natural projection Afp^ -^ -Afp 
(forgetting the flags) extends to a surjective map Ap^, -^ J\fp, we have the following 
double fibration: 



■^P,x — Ap7,x 



A/J 7^ 



(4.54) 



This seems to be what mathematicians call the Hecke correspondence. [^| 
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Verification On The Sphere 

As seen in §4.3, the moduli space A/'p(i) ^ for z{x) = is the one point represented by 
Vi that is described by the transition relation croiz) = o'ao{z)h.y.{z) where o"o is admissible. 
The 7ja;-transform oiVi is then described by ctq^ (z) = a2o{z)h^^{z)h^^{z) where ctq^ is now 
admissible. Hence we see that 

Ijx ■■ ^ki),x — " ■^p(^°j),x ' (4-55) 

where jioj = lilj- The conjecture is thus verified on the sphere. 
Verification On Torus With H = 5*0(3) 
For H = 5*0(3), the non-trivial element 7 of Fg = Z2 is represented by a path 

l{0) = ^e "'0''), 0<^<27r (4.56) 

in SU{2). We apply 7^ to the topologically trivial semi-stable bundles with fiag structure 
at z{x) = 1. 

A PSL{2, C)-bundle V we consider is described by the transition relation cr{zq) = 
a{z)h{q; z) and a fiag is parametrized by y G CU{oo}. If we choose a matrix /i/ G SL{2,C) 
such that {hf)\/{hf)\ = y, then, ao{z) = cr{z)hf is an admissible section on a small 
neighborhood Uq of z = 1. Hence, the 7a,-transform of {V,y) is represented by a bundle 
V with an admissible section o"o on Uq and a section a' on C* — q that are related by 

a^,{z) = a'{z)hfh^{z-l), zeUo-{l}, (4.57) 

a'{zq) = a'{z)h{q;z), z ^ 1 mod q'^ . (4.58) 

The conservation Aut(P, /) = Aut(P'',/'') of automorphism groups enables us to 
guess how '-fx transforms the bundles listed in §4.3. After a calculation, we find the 
following solution (see Appendix D for the proof): 

[The Transformation '-/x] 



{V^\l) - (H^ 



Vu) UrjLf) 

0) (4.59) 



(^f,0) ^ {V^i 
(Pf,oo) ^ (Pilo) 

where y^ = ^?^e^™^^||^f^- (4-60) 
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The most important point to notice is that the compactified moduh space M°j.-„ ^ rep- 
resented by {{V^\l)}u^Q and (Pqo , ^^) is mapped bijectively to the (compact) moduh 
space A/'non_t;j.iv a; ^^ ^^S structures on the semi-stable bundle Vp . 

Ix ■ -l^tviv.x ^ ■'^non-triv,x ■ (^4.0 ij 



In terms of the coordinates u and y, this map is given by m i-^ y^ where Hu is given in ( [4.60|) 



and satisfies y-u = Vu, yu+^ = -Vu and ?/„+- = -y~^. The orbifold points m ~ ^, ^, ^ 
are mapped to the orbifold points y ~ 0, i, 1 respectively, whereas {Vqq , oo) is mapped to 
the smooth point yo. If we decide to take u"^ as the complex coordinate around the point 



,(0) 



(Pqo , C)o), the bijection ([4.61|) becomes an isomorphism and the conjecture is verified also 
in this case. 

Remark. Even though bundles {V^^} are semi-stable, the points {{'P^\0)} which do 
not lie in A7^^~^ are mapped by 'j^ to {{'P^\0)} that are projected to unstable bundles 
by the 'fiag forgetful map'. 

4.5 The Topological Identity 

We have just seen that the holomorphic function h^{z) for 7 g Fg = 7ri(if) induces 
the bijection •y^ : Ap^x/Gpc ~^ •A~P'y,x/Qp'yc- ^"^ §2-3, we have seen (for the case H = G/Zg) 
that the gauge transformation by the same function /i^(z) induces the spectral fiow which 
maps the highest weight state $a to another $^a. Applying such spectral fiow to the fiag 
partners, we define the action of vri (H) on the space of gauge invariant local fields. Under 
the assumption that the conjecture is verified, we shall observe that the double role of h^ 
results in the identity ( |1.4| ). 

States Corresponding To The Flag Partners 

From the state space ?i*°* = H'^''^ ® T{Cchg) ® ^gh of the total system, we shall 
select out the subspace Hinv corresponding to the fiag partner fields. Let $ G Ti^- The 
expression ( [4.14| ) shows that the following is the state corresponding to the fiag partner 
of 0$ associated to the standard fiag /o = So{0)B: 

Z^°*(0; 0$(/o)) = $ ® ^-x-2p ® |fi) . (4.62) 



Here, $-A-2p € F(£c/ig) is the highest weight state ( p.38|) and \Q) G J^g^ is defined by 
n-a<o Co^"co""|0) ^^^ satisfies 

bn{v)\n) = foT n>l, V ei)c OT n = 0,v Eb, (4.63) 

Cn{v*)\n) = for n > 1, t;* G i)*c and C(^"|fi) =0 a G A+ . (4.64) 
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Thus we see that 

%n. = ^A ® $-A-2p ® |fi) . (4.65) 



A,A 

Action Of 7ii{H) On Gauge Invariant Local Fields 

Let 7 G Fg = Tii{H) be represented by the loop 7(6*) = e'^^^Uw We consider the 
configuration Ag^^~i^ of gauge field which is introduced in §2.3. For a gauge invariant 
local field O, we shall define another field 7O by 

Z», iOUo)) = ^.Z'^liA,,^-.,, 0(/o)) , (4.66) 

where 7. is the gauge transformation on 7i*°* induced by the loop 7 G LH. Below, we 
show that the right hand side belongs to Tiinv and is independent on the choices involved, 
such as the representative n^; of w or as the function g etc. 

As we have seen in §2.3, Ag„,-i^ can be made fiat by a chiral gauge transformation 
and the right hand side is expressed as 7.j7'(c)Z))*(0; 0(/o)) where Jl{c) is the action of 
an element c of LHq over a constant loop in Tq- Since the total central charge vanishes 
and the state .^^^ (0; 0(/o)) has weight zero, we see that the right hand side for O = 0$ 
is given by 7.$ ® 7.$A-2p ® 7.]^). 

Since 7. preserves the highest weight condition for LHq, it sends H\ to Ti-j^A where 
7g is the image of 7 under the natural map vri(if) -^ 71i{G/Zg)- Also, it preserves the 
ray C\fl) characterized by ( f4.63| ) and ( [4.64] ), and a calculation shows that ■y.\fi) = \fi). 



Finally, we recall that 7.$-A-2p = ^-■yx-2p- Combining these all, we have 

^Do(0;70^(/o)) = 7.<^ ® <^-7A-2p ® |fi) , (4.67) 

for $ G H^- Thus, the action of Tfi^H) on the gauge invariant local fields is defined and 
is identified with the action of Fg(iJ) on ©7i^. 

Proof Of (O; 



We are now in a position to prove (|1.4| ). We make use of the new integral expression 
( [4.33| ). Let V be an open subet of Mp^ with a holomorphic family {{Ay, f^)}^^y of 
representatives. The non-anomalous chiral gauge symmetry of the total system enables 
us to take the representatives so that there is a family {cro{v)}y^y of horizontal and 
admissible sections on a neighborhood Uq of x. 

We choose a complex coordinate z on Uq such that z{x) = and z{Uo) contains the unit 
disc Dq. Let 7 G LH be a representative loop of 7 G Fg = -ni{H). We put Sqo = S — Dq. 
Gluing (-P|soo5 ^i)|soo) ^'^d (Do X H,A^,^~i^) by the identification of (Jo(f,e*^)7(6') and 
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so(e*^) := (e*^, 1), we obtain an if -bundle P7 over S with a smooth connection A^. We 
denote by a{v) and So(f) the sections of P7 over Sqo H t/o and Dq respectively which 
had been cro(f)|Eoon(7o ^^^ -^o before the gluing. If we put /J = Sq{v,x)B, we can find 
a holomorphic and admissible section ctq^v) of (yl^,/J) over f/o such that aQ{v,z) = 
a{v, z)h^{z) on a neighborhood of 5*. This shows that the transformation 

(A,/,)h-.(A2,/;), (4.68) 

represents 7x : V — > 7i.(V). If the conjecture is verified, {{A^,fv)}vi^v is a family of 
representatives over 72; (V) C JJ^^. 

By construction of the tti (if) action on gauge invariant local fields, we have 

Z'S!^'''^''^\a.-SOU.)) = zTo^''^''^\A2;d{m . (4.69) 

If we choose the gauge fixing function F^ for Aut{Ay, f^) so that Fy(h) is independent 
on h\uo, then it defines the gauge fixing function FJ for Aut{A1, /J) by the identification 
-Pisoc — -PtIeoo- Now we see that ( |4.69| ) leads to the equality 



Z'^°^p{A,]\Tgi^^jXc,h)\%{---)l[Sbu,{v)Sbu,{v)iO{f.)) (4.70) 

= Z'^%{A2 ; |rgf^.^.(c, h)\'h{- ■ ■) fiSbu2{v)Sbu2{v) 0(/J) 

A = l 



where 1^2 ("y) is given by 

u2{v) = a{v) . h^o{v)-'-^h^o{v) = a-^.iv) ■ hl,{v)-' -^hl,{v) , (4.71) 

in which /i^doI"^) = hooo{v)h^. This amounts to 

^'^pAOi ■ ■ ■ OsiO) = 7:n*E%,.(0i ■ ■ ■ 0,0) , (4.72) 

which shows (|1.4|) . 
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5. Sum Over Topologies 

The full correlation function of the gauge invariant fields Oi- ■ ■ Os is given by 

^e(Oi ...Os) = Y. Zj^AOi ■■■Os), (5.1) 

p 

where the sum is over all topological types of principal -ff-bundles over S. If we use the 
topological identity ( |1.4| ), we have 

Ze(Oi ■ --OsO) = Zj,^p{Oi ■ ■■OsO) , (5.2) 

in which P is any principal ff-bundle and 0_ := Y.-yemiH) lO . We say that two gauge 
invariant local fields are equivalent when they are indistinguishable in any full correlator, 
and we denote by 7f the set of equivalence classes of gauge invariant local fields. The 
equation (|5.2| ) shows that O and O' are equivalent if and only if O = O'. In particullar, O 
and 7O are equivalent and so are O and |(0 + 7O). Thus, H is the quotient of the space 
H of gauge invariant local fields by the kernel of the operator J^-yewiiH) 7- Since the 7ii{H)- 
action on 7i is identified with the Fg-action on ?ihw, 'H is in one to one correspondence 
with the quotient Hhw of TYhw by the kernel of Z]7Gr- 7-- By the general principle of CFT, 
we expect that the torus partition funtion Zs^(l) satisfies 



^s.(l)=tr^Jg^"--r""-), (5.3) 

in which c = Ctot = Cc,k ~ (^hu ^^"^ -^0 and Lq are dilatation generators L'^^° and L'^^° 
by GKO construction; the generators L'^^ and L'!^^'^ commute with the operators 7. for 
7 G Fg and hence can act on the quotient space Ti^hw 

In this section, we calculate the full partition funtion on the torus S,- and see whether 
(|5.3|) holds. For simplicity of the argument, we consider only the case in which H is 
semi-simple. In this case, vri(_ff) is a finite group and the quotient 'Khw is mapped by 
I }^-.^ Y.-y 7- isomorphically (as Virasoro module) onto the subspace Ti-^^ of Fg-invariant 
elements. 

5.1 Torus Partition Function For The Trivial Topology 

We start with the calculation of the partition function for the trivial bundle Ptriv = 
S^ X H. We recall that the moduli space Mh = A/p^^.^ is parametrized by -u G tc with the 
representative family 

TV - 71 _ 

u ^^ Au = — udC ud( (5.4) 

^2 T2 
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of flat gauge flelds. Au' is gauge equivalent to Au if and only if u' = wu + n + rm for some 
w & W and 71,171 G P^. 

The partition function of the WZW model with the target G is given by 

^£kJ^- 1) = e^^'^'oi^-^^'Y. \xr{r,u)\' , (5.5) 

Agpf (G) 

(see 1^, ^, m) in which Xa is the character of the representation L^' of LG: 

xT{r,u) = tr^a4g^"-^e2-^^°(")) , (5.6) 

where m G tc is considered as an element of gc- As it should be, ( |5.5| ) is invariant 
under the gauge transformation u ^-^ wu + n + rm. This can be seen by looking at the 
transformation rule ( [A.2| ) in which {x,t,y) is identified with xLq + Jo{t) + ky and by 



noting (i) since T C Tq', P^ is a sublattice of Pq, and (ii) for any w G W, there is an 
element w' G Wq such that w = w' on tc |0. It is also invariant under the modular 
transformations generated by T and S: {t,u) ^— ^ (r + l,u) and (— -, -). This is due to 



•7- ? r ^ 

0,k 



unitarity |4^ of the modular transformation matrices for the characters Xa ■ 
Now we calculate 






The symmetry group of Au for generic u is the group Tq = Txe of constant gauge 
transformations. Parametrizing hh* as n^e'^n'^ where n+ is A^-valued and if is it-valued, 
the residual gauge fixing term can be chosen as 

|rgf^ic,/.)p = ^iI^MMnc^(^„)e-(xo), (5.8) 



where Xq is any point of S,-. As calculated essentially in |Jl|], we have 

' '^±f^dA^} I (^dA]"" 






-)"d<=tl,(aj.4. 



^^-^- i^"' vol(T) ^- (27r)Vol(T) r*^4^^^^^"Jj ' (^.10) 
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where det'^J B^^dA^j is the ^-regularized determinant of the Laplace operator O^^Ba^ 
acting on sections of the adjoint bundle. Calculation of the determinant is done in |^ 
and the result is 



\2l^2h''tr{u-uf 



det'^{dldA.) = i2T,fe^2'- — \UMr,u) 



^HV) 



•-HK' ^ 



aGA4 



n=l 



oeA 



Thus, Zs^,Pt,.i^(l) is equal to 



y \ 2 /o^^' r I 



k + h:'y{2n 



■in,ir.^Ck+h'')tr{u-uy 



n dVe^ 



V 2r2 ; Yo\{T)JMHt\ A 

The branching rule ( p.42|) leads to the expansion 



J2\xrir,u)I[f,iT,u] 



(5.11) 



in which n^(r, m) is the Weyl-Kac denominator defined by 

n^(r, u) = q^^ n (e™^"^ - e'^^")) ^{[{l - q^Y H (1 " g^e'^^^^^")) } . (5.12) 



(5.13) 



(5.14) 



in which the branching function 6^ for A G P_| (G) and A G P\_ (H) is defined by 
6^(r) = tr^A (g-^°^24 ) where c = CG,k ~ Cfjj. and Lq = Lq^°. Since the Virasoro generators 
by the GKO construction commute with the spectral flow, we have hi j^ = h\. This 
enables us to replace the integration /_^^ in ( p. 131 ) by .pv ,qv|2 /at- ■ Using the obvious 
identity vol(T) = (27r)Vol(it/P^) and the orthogonalty 



J^Hi=l 



nc^Ve^(^+'^^)*^("-^)XA(r,«)Xv(r,«)|n(r,«)r = vol(u/Q-) 



k + H^ 



Sx,x' (5.15) 



of characters for LH at level k, we finally have 

1 



'^T,Ptr 



5W, 



^i(^)iS'^' 



iir) 



(5.16) 



)(fc) 



,7A _ h\ 



in which (A, A) rums over P4_ {G)xF\. (H). Due to the invariance b'J^ \ = &a, it can also 
be expressed as 

(5.17) 



^s.,P,„.(i) = E rhI^Im" 

[A, A] I'^aI 



m, 



yW/u 



where the sum is over the quotient (Pj. (G) xP| {H))/T^ and Sjl is the isotropy subgroup 
of Fg at (A, A). 
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If iSjY = 1 for every (A, A), obviously we have 

^E.,P.J1) = tr^Jg^°-^g^°-^) . (5.18) 

As we shall see shortly, in this case, topologically non-trivial bundles do not contribute 
to the partition function and hence ^E^,Ptriv(l) i^ itself the full partition function. Thus, 
holds if TTi{H) acts freely on pf ^(G)xP|''\^). 

5.2 Field Identification Fixed Points 

To an element 7 G tti{H) is associated a principal iJ-bundle P^ = Ptriv7 over S^. Due 
to the topological identity (|1.4|), the partition function for P^ is the one point function 
for the trivial bundle: 

^E.,P,(l) = ^s.,P.j7(l)), (5.19) 

where 7(1) is associated to the state 7.$o in 'Hl^ q- ^^ is expressed as an integral over J\fH 
whose integrand contains a factor Zj^' p . (A^; 0^,^J^). For this to be non- vanishing, the 

requires 



fusion rule ||3^, H3, H5 



Y: AT^^oa^O and ^ N^ox^^^ (5-20) 

AeP|'='(G) Aep|^)(H) 

where A^aa' (resp. N^y) is the fusion coefficient of the WZW model with target G 
and level k (resp. target H and level k). From the Gepner's observation [^ Sj = 
(^—iyiw)^~2m{x+p){^i)^x £qj^ ^(^0^ _ Q-ii^d^ Qj^ ^YiQ modular transformation matrix and from 

the Verlinde formula A^^^^^^ = Y.xS\AS\l/ S^^ Q, it follows that N:!^ll'^'y = Nfy. 



{k). 



Since N^^^ = 6^ , ( |5.2CI| ) is equivalent to the condition that there exist A G P+ (G) and 



A G P^\h) such that 7^ A = A and 7A = A. 

This observation is desirable in the following sense. If there is a pair (A, A) at which 
the isotropy S^ C t^i{H) is not {1} (such a pair is called the fixed point in the liter- 
ature), the partition function for the trivial topology has fractional coefficients in the 
g, g-expansion (see ( ^.17|) ) and we can hardly expect that this function is expressed as a 



trace of g ° 24g^o 24 in any Virasoro module. In algebraic treatments of coset models 



P, ^, this was recognized as the field identification problem in the presence of fixed 
points. We expect that a natural resolution is provided by the sum over topologies: If 
S\ 7^ {1}, the contribution Z^ p (1) for 7 G iS^ — {1} may be non- vanishing and the 
integrality of the coefficients may be restored for the /.// partition function.(i) In the next 
subsection, choosing a concrete example, we examine whether this happens. 



^In [Q, a method for "fixed point resolution" is presented. Characters of the "fixed point CFTs" in 
that reference may be related to the partition functions for non-trivial topologies. 
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The partition function (|5.16| ) for the trivial topology is manifestly modular invariant, 
and so is expected for any topology P since P and f*P are topologically isomorphic for 
any diffeomorphism / of S,-. Hence, the modular invariance may still hold for the full 
partition function. This is also examined below. 

5.3 Models With G = SU{2)xSU{2) and H = S0{3) 

We consider the case in which G = SU{2)xSU{2) and H is the subgroup {{g,g);g G 
S0{3)} of the adjoint group G/Zg = SO{3)xSO{3). For the level k = (^1,^2), the 
induced level is k = ki + k2- Since a highest weight representation of SU{2) is convension- 
ally labeled by the spinG |Z, we identify F^^ = P^\SU{2)) with the set {0, i, 1, ■ ■ ■ , |} 
of "integrable spins". The non-trivial element of 7ri(i7) = Z2 induces the involution 
((ji, J2), j) ^ ((y -h, Y -^2), I - j) in F^\G)xfP. If ki or fca is an odd integer, there 
is no fixed point and the full partition function is given by | J2ji,j2,j \^(h 72)(^)l^' ^'^^ ^^^ 
case /c2 = 1, it is the diagonal modular invariant partition function of the ki-th unitary 
minimal model. 

Partition Function For The Non-trivial Topology 

In the following, we assume that ki and k2 are both even integers. Then, there is a 
unique fixed point ((^, ■^), |) and the topologically non-trivial configurations contribute 
to the partition function. Recall that the moduli space Arnon-triv of semi-stable i^c-bundles 
of non-trivial topology consists of one point represented by Vp which is obtained by the 
identification 

a{zq) = a{z) { \ , ^'''^ \ (5.21) 

of a holomorphic section z ^-^ (j{z) of the bundle C*xHc over C*. Denoting by Ap the 
flat S'0(3)-connection corresponding to the holomorphic bundle Vp , we have 

^Sr,non-triv(l) = ^st,non-triv(^F; 4) , (5.22) 

where | is the residual gauge fixing term for AutVp = Z2XZ2. This factorises into the 
product of the partition functions for the three (or four) constituents: 

1 ^ 

7 11 ^Er,non-triv(^i^! l)-^S^,non-triv (^-P! ^) ^T,r,non-tnv{^F', 1) • (5.23) 

We shall show that each is constant, that is, independent on r. For this, we introduce the 
Green's function of the operator Bap for the adjoint bundle. Let crad(2;) : 0c ^~* ad/^l^ be 
the frame associated to a{z) G Pc\z- The Green function is then expressed as Gw{z) = 
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<ya.d{'w)g{w, z)(Tg,d{z) ^® dz where g{w, z) G End(t)c) is represented by the matrix 



g{w,z) 



V-E 



2— g^"ui 



n— TT 

wq " 






f{w,z) 




E' 



(5.24) 



/ 



with respect to the base (cr+, (J3, cr_) of [)c = s[(2,C) (cr± = (cti ±ia2)/2) in which ctj's 
are Pauh matrices. The sums En i^ the four entries are over all integers and f{w,z) is 
expressed by the theta function 'd and its derivative -d' = -^'d as 



/(e- 



-2niS, —2TTi(^\ 
1 " J 



.SU{2),k 



1 ^(T,e-c + i) ^Xr,^ 

2mz^(r,e-C + 4^) -^(^^ 



(5.25) 



' 2' 



The partition function -Z^s^non-triv(^i^) 1) ^^^ ^^e S'f/(2)-WZW model satisfies the follow- 
ing Ward identities for the chiral gauge symmetry: 



7SU{2),k 
^ST,non— triv 



(Ar, J) 







(5.26) 



7SU{2),k 
^Sr,non— triv 



M, 



{Ap-J.e{z)J.e\w)) = ktT,{dZ'G^e{z)e'{w))Z^^^^ 



7SU{2),k 



non— triv 



{Ap- 1) . 



Putting these into the expression (|B.7|) for the energy momentum tensor, we find 



d 



7SU{2),k 



,(Ap;l) = 0. 



(5.27) 



p\ Er , non— triv \ 

This also holds for the WZW model with the target Hq/H. As for the ghost system, 
putting the identity 



7gh 

^ St, non— triv 



gh 



{AF;c{w)b{z))=G^{z)Zl^^ 



non— triv 



{Af; 1) 



into the expression (|B.4|) of the energy momentum tensor, we find 

. 
Thus, the partition function is a constant: 

•^Et , non— triv l^-Lj L--non— triv • 



d 

^^Sr,non-triv(^i^; Ij 



(5.28) 



(5.29) 



(5.30) 



The Full Partition Function 

The partition function for topologically trivial configurations is given by 

,fc/4 ■ . 2 



^Er,triv 



;i) 



E 

[{jlJ2),j 



Kjl,J2)(^' 



2 1 

+ 2 



^fci/4,fc2/4)'^' 



(5.31) 
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where the sum Y>° is over the Z2-quotient of P|^^ (G) x PJ''^ — {((^;-^)?|)}- For the non- 
trivial topology, we have ( |5.3(J| ). Since we have no way to determine Cnon-triv now, we 
change the question to the following form: Can we tune Cnon-triv so that ( |5.3| ) holds? 
The term J2° iii (|5.31| ) is the trace of q^°~24q^o-24 on the space TYJ^w where 

'^hw = '^hw QTi- ] Ti := H(^^_^^^^,^^/^j . (5.32) 

Hence, the question is whether there is a constant Cnon-triv such that 

l\bti'/4M/4^)\' + ^non-tr.v = tr„,(g^°-Mg^O--) . (5.33) 

We answer this in the case k2 = 2. The Virasoro modules by the GKO construction 
SU{2)xSU{2)l SU{2) at level {ki,2) are known |Q to be the ones appearing in the ki- 
th. N = 1 superconformal minimal model. Among others, B^ := B,l uj^ u-. is in the 
Ramond sector and contains a unique ground state with Lq = ^. In particular, there is 
a supercharge Co : 5^ — > B^ such that Cq = Lq — ^. One can show that -^ . : H} -^ Ti^ 
induces an involution U^ of the Virasoro module B^ such that 

GqU^ + U^Gq = . (5.34) 

If B^ is decomposed as B^ = ©J^q_B„ in which Bn is the Lo-eigen space with Cq = n, we 
may put U^ = 1 on Bq = C and the anti-commuting relation (|5.34| ) shows that 



B„ = 5(+) © B^-^ , fi,i+) ^ B^-^ (isomorphic) (5.35) 

Go 

for n > 1, where B!^^ is the subspace of i?„ on which U^ = ±1. Thus, we have Ti.^ = 

7^(+) © 7^(-) where 



7^(+) ^ 5W©5^+)© 5(-)®5L~^ (5.36) 

n,m=0 n,m=l 



and H(-) ^ {5W©5L'^©5i-'©5i+^} (5.37) 

n>0,m>l 

are subspaces on which 7. = 1 and 7. = —1 respectively. Since Ti.^ is isomorphic to 7i^~^\ 
we see that ( ^.33|) and hence ( |5.3|) hold if we tune Cnon-triv = |- 
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6. Concluding Remarks 

So far, we have been considering the gauged WZW model whose classical action is 
defined by (|2.1| ). However, we could have started with another choice of an action gener- 
alizing (|1 . 1|) . One familiar way to modify the action is to add the "theta term" 

l^O(F.,), (6.1) 

where "^" is some adjoint invariant linear form f) — ;> R. Then, the equivalence relation 
of gauge invariant local fields is modified by a phase factor. If H contains a f/(l)-factor, 
we thus have a continuous series of quantum field theories having one common partition 
function. 

If H is semi-simple, the term ( |6.1| ) vanishes. However, there is another way to modify 
the action. It arises from the variety of WZW actions constructed via the equivari- 
ant differential characters. Construction of an action in terms of Cheeger-Simons dif- 
ferential character was initiated by Dijkgraaf and Witten in Chern-Simoms gauge the- 
ory H^ and the method was elaborated in ref. [|1^ (see also ^^l)- ^^ provides a way 



to define topological lagrangians satisfying suitable physical conditions such as local- 
ity, unitarity, gluing property, etc. According to it, WZW actions with the target G 
and the gauge group H are classified by the equivariant cohomology (Borel cohomology) 
Hfj{G; Z) := H^{EHXjjG; Z) in which EH is the universal if -bundle and H acts on G 
via adjoint transformations. Importantly, for a semi-simple group H, we have 

Hfj{G; Z) = H^G; Z) © Hom(7ri(i/), R/Z) . (6.2) 

The levels are classified by H^{G; Z) and presumably the torsion part Hom(7ri(if ), R/Z) 
classifies the "theta terms". In the quantum theory, such a theta term would modify 
the equivalence relation of gauge invariant local fields. In a theory with fixed points, it 
would modify the partition function as well. For example, when G = SU(2)xSU{2) and 
H = S0{3), the theory corresponding to {ki, k2, ±1) G Z © Z © Za = if|o(3)(5f/(2)2; Z) 
with even ki, k2 would have the full partition function 



^T,r,tnv{i-) i Cnon-triv — j: 



^(fei /4.A:9/4)(^) =t C'non-triv H ■ (6.3) 



For ^2 = 2, both have positive integral coefficients in the q, g-expansions if and only if 
Cnon-triv = i^' ^^ C'non-triv = \, ( |5.3| ) holds in each theory. Due to the relation ( [5.34[ ), the 
involution 7. can be identified with the mod two fermion number (—1)^ and the theory 
for (A;i,2,±l) is the spin model [§, 48| with the projection (—1)'^ = ±1 on the Ramond 
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sector. We expect in a general model that adding a torsion (tlieta term) has such a simple 
and significant consequence in physics. This will be elaborated in a future work [jl5|. 

In this paper, we have been concentrated on the model whose matter theory is the 
WZW model with a compact simply connected target group. However, our argument is 
readily applicable to other models such as (i) the model whose target group is compact and 
connected but non simply connected, (ii) the model whose matter theory is a free fermionic 
system of arbitrary spin and (iii) a combined system of free fermions and WZW models. 
Study of models of the type (i) may be important for the classification of rational CFTs. 
An interesting class of theories of the type (iii) is the (twisted) N = 2 coset conformal field 
theory (Kazama-Suzuki model) |^9|, ^. Algebraic structure of the spectral flows of such 
a model has been studied by many authors f^, ^ ^ |5^. In the ref. [^, a geometric 



interpretation of fleld identiflcation is attempted along the line similar to ours. However, 
the argument in that reference uses the counterpart (in the twisted N = 2 system) of 
our old integral expression ( |3.31| ) and hence is applicable only for abelian gauge groups. 



Our method completes this. The flxed point resolution in these systems (see pll , p3i for 
algebraic approaches) by the topological sum with theta terms will be interesting and 
perhaps of some importance in superstring theory. 



Appendix A 



We describe some basic facts on root systems and Weyl groups |T^. Let if be a 
compact connected Lie group and let n : H ^ H he the universal covering with kernel 
7r^^(l) = -Kii^H). We choose a maximal torus T of if and put T = 7r^^(T). The Lie 
algebras of T and T are identifled and the imaginary part ii of its complexiflcation is 
denoted by V. We introduce lattices Q^ C P^ in V so that the exponential maps induce 
isomorphisms i/2'KiV'^ = P^ and t/27riQ^ = f. Then we have P'^/Q'^ = 7ri(ii). 

A.l For A Simple Centerless Group 

We flrst consider the case in which H is simple and centerless. Then, H is compact, T 
is its maximal torus and vri(ii) is the center of H. P^ and Q^ are dual to the root lattice 
Q of ii and the weight lattice P of T respectively: 

V* D P Q^ 

u n (A.l) 

Q P^ c V 

where A B means that A is the dual of B. 
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Weyl Group 

The Weyl group W of {H, T) is defined hy W = N^/T where N^ is the normahzer of 
T in H . The adjoint action of py on T induces its hnear actions on V* and V leaving 
invariant the four lattices and the set A of roots. For each root a G A, we introduce a 
hyperplane H^ = {x G V; a{x) = 0} and we denote by s^ G VT the reflection with respect 
to Hq. Since W preserves A, the family {H^jcgA of hyperplanes is invariant by W. A 
chambre of A is, by definition, a connected component of V — UaeAHa- We now have the 

Theorem 1 (1) W acts simply transitively on the set of chambres. 

(2) // Hi, ■ ■ ■ , H; are walls of a chambre C, for each i there exist a unique root ai such 
that Hq- = Hj and that Ui takes positive values on C. 

(3) The set B(C) = {ai, ■ ■ ■ , ai} forms a base of the free abelian group Q. 

(4) The set S{G) = {sa^, ■ ■ ■ , Sa,} generates W . 

(5) Any root a E A is expressed as a = Y,\=i ^iCa where ni are all non-negative integers 
or all non-positive integers. 

We fix a chambre C. By (3) and (5)., we can choose a base {/ii, ■ ■ ■ ,/ii} of P^ such 
that cxi{^j) = 6ij. (5) of the theorem shows that A is decomposed as a disjoint union 
of the set A+ of positive roots and the set A_ = — A+ of negative roots where a root 
is positive if it takes positive values on C. We see from (1) that there exists a unique 
element wq eW such that woA+ = A_. It is the longest element where the length l{w) of 
w eW in the minimun length n of such sequence Sjj, ■ ■ ■ , Sj„ in S{G) that w = si^- ■ • Si^. 
The highest weight of the adjoint representation is called highest root and is denoted by 
a. It can be shown that, for any a G A, ct — a is a span of ai, ■ ■ ■ , a; with non-negative 
integral coefficients. In particular, a is expressed as a = Yl\=i^iCii for ^i > 1- We define 
J' C {1, ■ ■ ■ , /} by j G J' ^ n^- = 1. We put /io = 0, J^ = {0} U J' and Mc = { ^lj■,j G J}. 
Then, we have the following 

Proposition 2 a G P^ satisfies a{a) = or 1 for any a G A+ if and only if a E Mc- 
Moreover, any Q^ orbit in P^ contains one and only one element o/Mc- 

The latter part can be understood after we introduce the group Fg. 

Affine Weyl Groups 

The affine Weyl groups of H and H are defined by W^g = Hom([/(l), T) xW = Q"^ xW 
and W^g = Hom(f/(l),T)xVF ^ P^xVF respectively. Since Q^ C P^, W^s is considered 
as a subgroup of W^g. Wg.s can also be defined as the Weyl group of U{l)xLH with 
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respect to the torus U{l)xLH\rp where U{1) acts on LH covering the rotation action 
e*^ : 7(6') — > 7(6' — x) on LH. Hence comes the hnear action of W^g (and also of W^g) on 
Ue{U{l)xLH\f) = iif where V = R^ © V © Re 



-iad „ 



{x, t, y) G V 1-^ (x, wt — xa,y — tr(awt) + |tr(a^)) G V, (A. 2) 



6-'''% : (n, A, k)eV* ^ {n + wX{a) + |tr(a2), wX + k ''a, k) eV* . (A.3) 

where "tr" is a norniahzed trace in i) that induce the inner product on V* with {a, a) = 2 
for a long root a. The dual action (|A.3|) preserves the following inner product on V*: 



(( rii , Ai , /ci ), ( n2 , A2 , ^2 )) = ( Ai , A2 ) - nik2 - kin2 . (A.4) 

An affine root of LG is, by definition, a weight of the adjoint action of f/(l)r x LH\fj 
on Lie(Li7c). The set Aag C V* of non-zero affine roots is invariant under the action of 
Wl^ and is given by Aaff = Z^o x {0} x {0} U Z x A x {0}. 

Wlf^ acts linearly on the quotient Vaff = V/Rc and affinely on each hyperplane V^; = 
{x} X V C Vaff (see (|A:^)). If we put H^ = { v G Vaff ; «(v) = }, the family {YLa}&&^,« 



of hyperplanes in Vag is W^g-invariant. Hence, if we put H^ = H^ fl V_i, the family 
{HajagZxAxjo} of hyperpalues in V_i is also Pi^g-invariant. We denote by s^ G M4ff the 
reflection with respect to H^ 7^ 0. An alcove is, by definition, a connected component of 
V_i — UagAaffHa. Then, we have the 

Theorem 3 (1) W^e acts simply transitively on the set of alcoves. 

(2) If B.Q, Hi, ■ ■ ■ , H; are walls of an alcove C, for each i there exists a unique affine root 
Qfj such that H5,. = Hj and that ai takes positive values on C. 

(3) The set B(C) = {do, ^i, ■ ■ • , ai} forms a base o/Z © Q © {0}. 
(Ji^) The set S{G) = {sao, Sai, ■ ■ ■ , s^,} generates W4,flf- 

(5) Any affine root a G Aaff is expressed as a = Z)i=o ^j^j where Ui are all non-negative 
integers or all non-positive integers. 

A chambre C determines an alcove C = {(— l,t) G V_i;t G C,a(t) < 1} which gives 
B(C) = {oiQ, ■ ■ ■ , ai) where do = (—1, — d, 0) and dj = (0, Oj, 0) for i = 1, ■ ■ ■ , /. (5) of 
the theorem shows that the set Aaff is decomposed as a disjoint union of the set Aaff+ of 
positive affine roots and the set Aaff_ = — Aaff+ of negative affine roots where an affine 
root is positive if it takes positive values on the alcove C 

W^ff- acts on the set of alcoves and we denote by Fg the isotropy subgroup at C. Then 
we see that H^g decomposes into semi-direct product of H^g and Fg: 

PK'ff-iyaffXFg. (A.5) 
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The subgroup Fg preserves the decomposition Aafr = Aaflf+ U Aafr- which shows with the 
aid of (5) of the theorem that Fg permutes the elements do, ■ ■ ■ , d; of B(C). Looking 
at the transformation rule ([A .31) , we see that the homogeneous part of Fg permutes the 
distinct elements ao = —a, ai, ■ ■ ■ ,ai of A. Since the relative disposition of these I + 1 
roots is used to construct the extended Dynkin diagram, Fg can be identified with a group 
of Dynkin diagram automorphisms. 

We explicitly describe the group Fg. For each j G J', the set Sj = S{C) — {sa^} 
generates a subgroup Wj of W and determines a length in Wj. Let Wj be the longest 
element in Wj and we put 7^(6') = e~'^^^^WjWQ. Then we can show the 

Proposition 4 The group Fg is given by T-^ = {'jj ; j ^ J' } . 

The embedding P^ ^ W^'^ induces the isomorphism P^/Q^ ^ W^s/W^s = Tg. It then 
follows the latter part of proposition 2. 

A. 2 For A General Compact Connected Group 

In general, H is isomorphic to R*^xn^=iG^n ior some M = 0, 1,2, ■■■ and some 
sequence Gi, ■ ■ ■ , Gn of simple simply connected groups. The root lattice Q is no longer 
dual to P^. If H is not semi-simple (M ^ 0), P'^/Q^ is an infinite group. 

The definition of the Weyl group W, hyperplanes, chambres are the same as in A.l. 
Theorem 1 holds with the modification that / is replaced by the rank /** of the semi-simple 
part rin^n- (The actual rank is dimC = M + /***.) A choice of chambre C determines 
the decomposition A = A_|_ U A_ and we put 

Mc = { /i G P"" ; a{fi) = or 1 for any a G A+ } . (A.6) 

From the proposition 2 of A.l, one can see that Mc C P"^ is a section of the projection 

pV ^ pV/QV_ 

The definition of the affine Weyl groups Was, W^g are the same as in A.l. However, 
W^ff action on V = R^^+^ © V © R^^"*"^ needs some modification if H is not semi-simple: 
It depends on choice of the physical model which determines the lift of the rotation action 
on LH to LH. (This could be read by looking at the energy momentum tensor given in 
Appendix B.) Hence, we shall consider only the action on Vaff = V/R^^'*'^ which is the 
same as in A.l. Affine root set A^s is defined as the subset of V*^ = R;^^+^ © V*. A 
system of hyperplanes in {(—1, ■ ■ ■, — l)}xV C Va.s is defined by using the affine roots 
and it leads to the definition of an alcove. Theorem 3 holds under the modification that 
the number of walls of an alcove is /*** + A^ and that B(C) forms a base of Z^ © Q. 
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A choice of chambre C determines an alcove C which in turn determines the decompo- 
sitions Aaff = Aaflf+U Aaff_ and M^'g = W^gxTg where Fg is the isotropy subgroup of W^q 
at C. For an indexing set J' of Mc = {fJ'j ',j G J'}, we can give a map j E J' \-^ Wj E W 
so that Fg is given by Fg = {7j ; j G JT"} where 7j(6') = e~*^^^WjWo- ("U^o is the longest 
element of W) 

In any case, the groups 

7Ti{H), P7Q^ W^yW^ff and Fg 
are all isomorphic. 

Appendix B. 

In a two dimensional quantum field theory coupled to background metric g and gauge 
field A for a Lie group H, the energy momentum tensor T and the current J is defined 
as the response to variation of g and A: 

6Zj:ig, A; 0,02 ■■■) = Z^{g, A; ^ f \'-^£x6^'T,, + J-6a\ 0,0^ ■ ■ ■) • (B.l) 

The theory is said to be conformally invariant up to anomaly c when T^z = —-^^zz on an 
insertionless region on which A is flat, where Rzz is the curvature of g. In this appendix, 
we give expressions of T^z and J^ of the adjoint ghost system (c = — 2dimi7) and give 
a description of the Sugawara energy momentum tensor of the level k WZW model with 
the target H {c = j^ dmvH). 

We first assume that H is simple and compact. Choose a local complex coordinate z 
{g^^ = 0) and a local holomorphic section a with respect to A. To a base {ca} of [}c a 
associates a local holomorphic frame {fTa} of the adjoint bundle and the dual frame {cr'^} 
of the coadjoint bundle. We denote by u and A'^ the Levi-Chivita connection and the 
connection A represented via the holomorphic sections ^ and a respectively. 

Ghost System 

We put c'^{z) = Ea eaO-''-c(-2) G i)c and b'^{z) = J^i^e'^bz-cr^iz) G f)c- Defining the 
regularized product : bl{z)c'^{w) : by 

b:{z) ® c^{w) = 5±^1^^+ : b'^^z) ® c'^iw) : , (B.2) 

we have 

Jz-aX = :6^-[X,c"] : -2/inr(A^X), (B.3) 

Tzz = ■.dzb:-c'^:-:b:.[A:,c'^]:+h^tT{A:A:)-^Szz, (B.4) 
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where aX = Z]aO"a-^^, tr(XF) = 2^tr(^(adXadF) and Szz = d^ujz — 

Group H WZW Model At Level k 

To the current, we associate an f)Q-valued holomorphic differential JJ defined by 

Jz-aX = J^-X - ktT{AlX) . (B.5) 

Defining the regularized product : J"{z)J"{w) : by 

the Sugawara energy momentum tensor is expressed as 

T,z = ,,^ ,„, : Jf-CaJf -Cb : -Jf-A^ + -trfA'A") - —5,, , (B.7) 



where r^ tr(ebec) = 6^. This leads to differential equations of correlation functions jlG, 



If H is an arbitrary compact group, () is decomposed as the sum R^"^ © ®n=i9n of 
abelian and simple components. Since one can always find a local holomorphic section a 
such that A'^ is of block diagonal form, generalization of (|B.3|) , ( p.4| ) and ( p.7|) to this 
case is obvious under the prescription that H^ = ioi H = U{1). 

Appendix C. 

In this appendix, we derive residual gauge fixing term on the Riemann sphere P^. 
We assume that the gauge group H is simple and use notations introduced in Appendix 
A. Let /i G C be one of { fij ; j G J7} and let P^^] be the holomorphic i/c-bundle with 
transition function /looo(^) = ^~^- 

Description Of Symmetries. 

We introduce subsets of the set A of roots: 

A'^'O = {«G A;a(/i) = 0}, A^'° = A^'° n A± , (C.l) 

A^'^ = {aG A;|a(/i)| = 1}, A^'^ = A^'^ n A±. (C.2) 

A holomorphic automorphism of V[^] is given by i/c-valued holomorphic functions fo{z) 
and foo{z) of z and z~^ respectively such that fo{z) = z°'foo{z)z~"'. An infinitesimal 
automorphism is thus of the form 

Sfo{z) =V+ Yl (^aCa + XI (^" + ^Ca)e„, (C.3) 
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where f G tc and Cq, G [)c is a root vector corresponding to a G A. Putting 
n+ = the abehan subalgebra of f)c spanned by {ca, a G A^' }, 
jjtj.,0 _ ^]-^g subgroup of H of maximal rank with root system A^'°, 

we can describe the automorphism group by 

Aut V[,] = {Uz) = /V»+^"-; f G if^'°, no, n^ G n^'^} . (C.4) 

Gauge Condition 

Note that, for an automorphism / of the form fo{z) = pQ^o+znoo ^ /o(0) = /°e"° and 
/oo(oo) = /"e""". We shall put the gauge condition separately at z = and at 2; = oo. 
To start with, we take the Iwasawa decomposition of the field /i at 2; = and at 2; = 00 
: /io(0) = e^°e 2 qq and similarly for /loo(oo) where g^ E H, (po & ii and Vq is spanned 
by positive root vectors. We also take the Iwasawa decomposition /° = g^e~e^ where 
gO g if^'O, 00 G ii and f " is spanned by root vectors for A':^ . 

The condition /loo(oo) G -ff is necessary and enough to fix noo,v^ and 0°. In order 
to fix g^, we decompose H^'^\H into pieces {t/o-} so that we can find a section s^ of 
if -^ H'^'^\H over each piece Ucr- If we further require hoo{oo) to be in some s^Ua, then, 
(7° is fixed. The rest, ^o G n+ is fixed by the condition i;q = for a G A^' where Vq is 
the coefficient of fo- 

These conditions determine the residual gauge fixing term. The complexity arising 
from the gauge fixing of g'^ disappears if we integrate go over H with the factor :^^. This 
leads to the following expression depending only on the combination hh* which is gauge 
invariant in the usual sense: 

«>0 i=l ^"^^ '-/3eA^'" aGA^'i 



Appendix D. 

This appendix gives an outline of the proof of the transformation rule ([4.59|) of 'j^- 
The 73--transform (V^,f^) of an i^c-bundle V described by <7{qz) = (j{z)h{q;z) with a 
flag a{l)hf is defined by the relations ( |4.571 ) and ( [4.58| ) of an admissible section ctq around 



z = 1 and a section a' over C* — q ■ 

We shall find an everywhere regular (but multivalued) section a^. We put cr'^{z) = 
a'{z)x{z) for 2; ^ 1 and require the relation a'^{qz) = a'^{z)h'^{q] z) to hold. The task is 
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then to find such x(z) that 

X{zq) = h{q; z)-^xiz)h^iq; z) 



x{z) = h^{z — 1) ^hj'^xiz) is regular as 2; ^ 1 . 



The latter condition arises by the requirement that (Jo{z) = a"'{z)x{z) ^ is an admissible 
section around z = 1. In the following, the solution is exhibited as (V, f) — > {V^ p) : x{z). 



(^i?,oo) - (P«,yo) 



. Rg{z) iq--iRr{^z) , 



(1) n^ . /^^W 






c(z)-V 
c(;2) 



where 



c{z) = (^(r,C + ^)r, ^ = e-2-< 



i?,(2;) = ^(2r,C + 2M + r)/c(z), r„ = c, • (2 - l)5/?„(z)|,=i, 

F(;2) = 2z-^\og^{2T,C + r)-l, 

Giz) = 2^^1og^(2r,C), 

H{z) = 2z^\ogc{z). (D.2) 

in which c,- is a constant and ^ is the theta function {}{t, () = J2neZ Q^^ z~"'. 
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